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Abstract 

This is the second part of an article in two parts , which builds the founda- 
tion of a Floer-theoretic invariant, Ip. (See Ptij for part I). 

Having constructed Ip and outlined a proof of its invariance based on bi- 
furcation analysis in part I, in this part we prove a series of gluing theorems to 
confirm the bifurcation behavior predicted in part I. These gluing theorems are 
different from (and much harder than) the more conventional versions in that 
they deal with broken trajectories or broken orbits connected at degenerate rest 
points. The issues of orientation and signs are also settled in the last section. 

This part is strongly dependent on part I, and is meant only for readers 
familiar with the previous part of this article. 
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1 Overview. 



This second part forms the main technical core of the present article. 

We have not attempted to make this part independent of Part I, and shall fre- 
quently make use of the definitions, results, notation, and convention from Part I 
without repetition. Thus, we urge the reader to familiarize him/herself with Part I 
before attempting this one, paying particular attention to the convention in 1.1.3. 

References in the form of I.* shall refer to section, theorem, or equation numbers 
from Part I. 

1.1 A Brief Summary. 

The following summarizes the results contained in this part. Recall the definitions 
of (RHFS*), (NEP), and admissible ( J, X)-homotopies from sections 4.3, 4.4, 6.2 of 
|Ptlj respectively. 

Theorem. Let A = [1, 2], and ( J A , X A ) be an admissible (J, X)-homotopy connecting 
two regular pairs, (Ji,Xi), (J 2 ,X 2 ). Then: 

(1) (Corner structures of parameterized moduli spaces) The properties 

(RHFS2c) and (RHFSSc) hold for the CHFS generated by (J A ,X A ); 

(2) (Orientation) The parameterized moduli spaces M K p + , M q ' may be respec- 
tively given coherent and grading compatible orientations such that (RHFS4) 
holds; 

(3) (Existence of nonequivariant perturbations) (NEP) holds for all Type 
II handleslides in the CFHS generated by (J A ,X A ). 

Combining with Propositions 1.4.4.6 and 1.6.2.2, this completes the proof of the 
general invariance theorem stated in part I, Theorem 1.4.1.1. 

Item (1) above follows from the gluing theorems proven in sections 2-6 below. 
Section 7 contains the discussion on orientability of the moduli spaces, the definitions 
of coherent and grading-compatible orientations, and as a consequence, the proof of 
item (2) above. Item (3) is established in sections 6.2-6.3. There we introduce a class 
of (possibly nonlocal) perturbations to the induced flow on the finite-cyclic covers in 
the statement of (NEP), establish the expected regularity and compactness properties 
of the moduli spaces of such perturbed flows, and show how the arguments in the 
proof of Theorem 1.6.2.2 may be adapted to establish the /^-regularity of parametrized 
moduli spaces in this context, as required by (NEP). 

Gluing theory is the unifying theme of Part II. Not only is it used repeatedly to 
establish the bifurcation analysis, but it also appears in the definition of coherent 
orientations in section 7. Linearized versions of the gluing theorems in sections 2-6, 
which actually form part of the proofs of these gluing theorems, play a major role in 
the verification of signs for item 2 of Theorem 1.1 above. It is for this reason that we 
postpone all discussion of orientations until the gluing results have been fully treated. 
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Thus, we begin with a quick overview of the general features of gluing theory in 
next subsection, then give a more specific outline of the variants contained in this 
article in §1.3. 

1.2 Basics of Gluing Theory. 

This subsection gives only a minimal outline of gluing theory and its applications in 
Floer theory. Rather than a general account, our aim is to set up the basic framework 
for the proofs of the gluing theorems contained in this article, and to introduce some 
basic notions and terminologies frequently used, some of which are not conventional. 
The reader may find more details and better-balanced treatments in the vast literature 
on this subject, for example |DKt lDj. and Floer's original papers. Also, precision will 
sometimes be sacrificed here for the overall picture. We shall be precise in later 
sections, when we return to the specific context of this article. 

1.2.1 The four steps of gluing theory. 

Gluing is useful for studying the local structure of a stratified moduli space, usually 
coming from compactification. Given a space of "gluing parameters" H(S) associated 
with a codimension > stratum S, a typical gluing theorem constructs a map from 
2(8) to a neighborhood of § in the moduli space of solutions to a PDE 

T{w) = 0, 

which is a local diffeomorphism. 

The proof of a typical gluing theorem comprises of the following four major steps: 

Step 1. Constructing the pregluing map and error estimates. For each gluing 
parameter x, one constructs an approximate solution w x to the PDE considered, 
which varies smoothly with x- The pregluing map x l— * w x maps the space of gluing 
parameters into a set in the ambient configuration space, that is close to the space of 
solutions. An explict estimate, referred to as the "error estimate" is required to show 
that ^F(w x ) is sufficiently small. 

Step 2. Kuranishi structure. Let D w : E —>■ F denote the linearization of T at w 
(i.e. the deformation operator). This should be a Fredholm operator, and ideally, one 
wants to show that 2) w has a right inverse bounded uniformly in x- Namely, there 
is a x~ independent constant Cp > 0, and operators P x depending continuously on x, 
such that 

2^ x P x = id, \\P X \\<C P . 

For this to hold, judicious choices of normed spaces for E, F are often called for. 

Step 3. Obtaining a quadratic bound on the nonlinear part of J 7 , namely, (J3J) below. 
In local coordinates, one may write 

J r (w)=F(w x )+J) v>x Z + N v , x (Z) for w = w x + £. (1) 
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Setting £ = P x i] x , a solution to J-{w) = is obtained by solving 



(2) 



The contraction mapping theorem shows that 

Lemma. Let Cp be the upper bound on ||P X || as above, and suppose that there is a 
X-independent constant k such that 



solution 7] x varies smoothly with \, and \\rj x \\ < 2||jF(w x )||. 

Thus, by assigning to each gluing parameter \ the corresponding w x + P x r] x , one 
obtains a smooth map from the space of gluing parameters to the moduli space. This 
is the gluing map. 

Step 4. Showing that the gluing map is a local diffeomorphism to a neighborhood of 



1.2.2 Typical pregluing constructions in Floer theory. 

In Floer theory, T = d s +V, and § is a stratum in a moduli space of broken trajectories 
or broken orbits. Thus, it is a product of reduced moduli spaces 



In the case of a family of Floer theories parameterized by A, § is a fiber product of 
reduced, parameterized moduli spaces over A 



The space of gluing parameters in these cases is S(S) = § x (3ft, oo) fc for certain large 
and the gluing maps map into a reduced moduli space or a reduced, parameterized 
moduli space. 

We now describe the typical pregluing construction in these situations. 
Given a (unreduced) flow u(s) from the critical point x to y, we define its trunca- 
tion 




S. 



§ =.Mo x Mi x ■ ■ ■ x Mk, or 
Mi x M 2 x ■ ■ • x M k /Z/kZ. 



§=M£ x a M^ x a --- x A Mt or 
•Mi x A M% x A • ■ ■ x A Mt/Z/kZ. 
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where f3 is a smooth cutoff function with (3(s) = for s < 0, and f3(s) — 1 for s > 1, 
and ?7 y , are defined such that 



u(s) = 



exp(x, rf x (s)) for s <C — 1, 
exp(y,77j,(s)) for s » 1. 



Let M(-oo,r+], M[-_r_,oo) be similarly defined, truncated only at the positive/negative 
end respectively. 

Let {uq, Ui, . . . , u k } be a broken trajectory from x to y, and Ui be representatives 
in the respective unreduced moduli spaces. Given . . . , Rk) G R+, we define the 
glued trajectory: 



Uo# Rl Ui# R2 u 2 ■ ■ ■ #R k u k (s) : = 

«0,(-oo,fli](s) 
T2fliWl,[-fli,B2](s) 



when s < Ri 

when s G [i?i,2i?i + R 2 ] 



r 2Eti when s G t 2 Eti 2 ^ + ^fc-i, 2 Ylt=l Ri + Rk] 

T 2j: k =1 Ri U k,[-Rk,oo)(s) when s G [2X^=1 + Rk, oo), 

(4) 

where tl denotes translation by L: 

Tlw(s) := u>(s — L). 

When {-ui, . . . , -u^} is a broken orbit, we may also define the glued orbit 

Ui# Ri u 2 #r 2 ■ ■ ■ u k # Rk (s) : = 

T2R 1 Ui t [- Ru R 2 ](s) when s G [Ri, 2R X + R 2 ] 



^Efcx 1 Ri u k-i,l-R k -i,R k ]( s ) when s G i 2 Eti 2 ^ + ^fc-i. 2 ELi ^ + #*] 
> r 2£* =1 fl i u *,[-«*.-Ri]( s ) when s G t 2 Eti 1 #i + i2 fc , 2 ^ fc =1 i2j + i?x], 



>fc-i 



for s G R/(2^i^)Z. 



(5) 



We shall sometimes suppress the subscript Ri from # when it is not important. 
To define the pregluing map, in the case of broken trajectories, assign each 



X = {u } x • • • {u k } x (Ri, . . . , R k ) G Mo x • • • x M k x R* 
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the M-orbit w x of the glued trajectory 



in the configuration space Bp(x, y), taking Ui to be centered representatives of Sim- 
ilarly for the case of broken orbits or the parameterized case. Due to the exponential 
decay of flows to nondegenerate critical points, these constructions typically give good 
approximation to flow lines when the connecting rest points in the broken trajectory 
are nondegenerate. In this article, they are used for handleslide bifurcations, and in 
the discussion of coherent orientations. 

Remark. Equivalently, there is an unreduced version of the above construction, where 
the gluing map maps products of unreduced moduli space to an unreduced moduli 
space. Namely, take the space of gluing parameters to be an appropriate open subset 



and let the pregluing be given by the same formulae above, for fixed large . . . , R k ), 
and not necessarily centered U{. Notice that there is a free M fc+1 action on S(S), 
namely the product of translations on each factor moduli space M.^ and the quotient 
5(§)/R fc+1 = S. 

The equivalence is easily seen by observing that, given (L , • • • , L k ) e M fc+1 , there 
is a unique (L, R[, . . . , R' k ) e M x , so that 

Tl Uq# Ri t Li Ui#r 2 t L2 U2 ■ ■ ■ # Rk T Lk u k approximates t l (uq# r >Ui#r 2 U2 • • • # R ' k U k (s)). 

(They are equal if U{ are replaced by their truncations). Furthermore, under this 
identification, a diagonal M-translation (L , . . . , L k ) — > (L +l, . . . , L k + l) corresponds 
to an R translation in the first factor (L, R[, . . . , R' k ) — > (L + l, R[, . . . , R' k ). Thus, we 
have a diffeomorphism 

S(S)/R = S(S), by assigning (r Lo w , • • • , ^L k u k ) mod R f-^ ({u , u k }, R[, ...,R k ), 
and a commutative diagram 



We prefer the reduced perspective in this article, because when the connecting rest 
points are degenerate, the (reduced) space of gluing paramaters S can still be de- 
scribed in a way similar to the above discussion, while S is no longer a product of 
unreduced moduli spaces. 



S(S) cM x---xM k , 




pregluing map 



V B 




pregluing 
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1.2.3 K-models. 

In general, the deformation operator might not be surjective, and the gluing theory 
gives a local description of the moduli space as an analytic variety in the cokernel of 
the deformation operator. This is the "Kuranishi model" . 

For our purpose, it is convenient to introduce a linear variant of Kuranishi models, 
which we call "K-models" . This notion of K-model will be useful both for Step 2 of 
the gluing procedure and in discussing the orientation issue. 

Definition. A K-model for a Fredholm operator D : E — > F, denoted [2) : K — > C]b, 
or simply [K — > C] when there is no danger of confusion, is a triple K, C, B, where 
K, C are finite-dimensional subspaces K C E, C C F respectively, and B C E is a 
closed subspace such that 

• D\b '■ B — > 2)(F) is an isomorphism, and 

• there are decompositions E = K@B, F = C©2)(F) (possibly not orthogonally). 
An orientation of a K-model is a choice of orientations for the spaces K and C. 

Example. (Standard K-models) In this article, the "cokernel" coker2) refers ei- 
ther to the quotient space Fj Image (2)) or an arbitrary subspace of F complementary 
to Image (2)). A trivial example of K-model is [2) : kerD — > cokerS)] B , for any sub- 
space B C E complementary to ker2). Such will be called a standard K-model for 
2). 

We shall call K a "generalized kernel" of 2), C a "generalized cokernel", and B a 
"B-space", for lack of better terminology. The honest kernel and cokernel of D may 
be described in terms of K and C via the exact sequence: 

O^kerD ^coker £ — o, (6) 

where 11^, lie are projections with respect to the above decompositions of E and F. 

Here are some other simple examples of K-models frequently encountered in this 
article: 

Example. (K-model of a stabilization) Let : R fe © E — > F denote a finite- 
dimensional extension of the Fredholm map D : E ^ F, 

where * : IR fc — > F is a linear map. We call a (rank-/c) stabilization of 2). 
Let [if — * C]b be a K-model for 25, and 

if := R k © if C M fe © F, F := * © B C M fe © F, 

where * denotes the trivial vector space. Then [if — > C]^ is a K-model for 2)^, called 
the stabilization of [if — > (7]^. 
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Example. (Reductions of K-models) Let [D : K — > C] B be a K-model, and 
suppose that there are subspaces Q C K, K' C K, C C C such that IT C o 3)|q is 
injective, and if, C decompose as: 

K = K'®Q; C = C'®UcCD(Q)). 

Then [K' -> C"] B ' is another K-model for 3), where B' = Q + B. Such K-models will 
be called reductions (by <3) of [X — > C]. 

Notice that if two K-models for D, [D : K x -> Ci] Bl , [D : fT 2 -> C 2 ]s 2 have the 
same B-space Bi = B 2 , then projections of i^i to fT 2 and Ci to C 2 (with respect to 
the decompositions E — K\ @B\, F — Ci@Q(Bi)) are isomorphisms, and vice versa. 
In this case, we say that the two K-models are equivalent. Two oriented K-models 
are said to be equivalent if they are equivalent K-models in the above sense, and the 
projections involved are orientation-preserving. 

K-models are particularly useful in family settings. We adopt the convention of 
denoting a Banach space bundle over A by V A , with the fiber over A G A denoted as 
V\. Let A be a connected manifold, and E A , F A be Banach space bundles over A. 
Let 3) A := D\ : E\ — > F\, A G A} be a family of uniformly bounded Fredholm 
operators, continuous in operator norm. A (family) K-model for 3) A , written as [3) A : 
K A -> C a ] b a, is a triple of Banach space subbundles K A C E A ,C A C F A , B A C E A , 
so that the fibers over each A G A, [K\ — > Ca]b a form a K-model for Q\, and 3Da|b a 
has a uniformly bounded left inverse. 

If A is finite-dimensional and compact, such K-models always exist by the Fred- 
holmness of the family D A . In contrast, \J X ker 2) A , \J X coker D x may not form bundles 
as the dimensions of the kernels and cokernels may jump with A. 

Two K-models \D\ : K\ — > C\]b 1 , [D 2 : i^ 2 — > C 2 ]b 2 are said to be correlated via 
the family K-model [D A : K A — > C a ]ba if they may be identified with two fibers, 
[D Xl : i^Ai -> Cai]b Ai , [^a 2 : ^a 2 -> Ca 2 ]b A2 over A i' A 2 e A. They are said to be 
equivalent via the family K-model if they are equivalent to two fibers. Finally, the 
notions of correlation and equivalence for oriented K-models are obtained by inserting 
the adjective "oriented" before every mention of K-model or family K-model in the 
above paragraph. 

Example. If two Fredholm operators 3), ID' are close in operator norm, one may 
always include them in a family 

D A = {Da I 1 1 3) — Da|| < s} for an e < 1. 

Any K-model [3) : K — > C]b m ay be extended into a family K-model for 3) A , with 
trivial B A = B x A. In this case, we shall refer to the equivalence of K-models 
for D, 3)' without specifying the family K-model — a family K-model of the above 
description will be implied. Moreover, if D is surjective, and e is sufficiently small, 
[1J A ker 3) a *] form a K-model for D A . Thus, in this case we shall refer to correlated 
orientations of ker D and ker D' without further specifications. 



7 



1.2.4 Gluing operators and gluing K-models. 

A major motivation to introduce K-models is that, in gluing theory, generalized ker- 
nels and cokernels are typically easier to construct and work with than the honest 
kernels and cokernels. This subsubsection explains why. 

We summarize the typical properties of the Fredholm operators appearring in 
Floer theories as follows. A Floer-type operator is a Fredholm operator of the form: 

D = d s + A(s) : E -+ F, where: 

• E = W(R S x Y,p* 2 V), F = L(R S x Y,p* 2 V) for suitable Sobolev norms W, L, 

• V is an Euclidean or hermitian bundle over the manifold Y, R s denotes the real 
line parameterized by s, P2 '■ R s x Y — > Y denotes the projection. 

• A(s) : T(Y; V) — > T(Y; V) is a first order linear differential operator, which is 
surjective and L 2 -self-adjoint when \s\ ^> 1. 

A stabilized Floer-type operator is a stabilization of a Floer-type operator by mul- 
tiplication with compactly-supported functions. 

Examples. In Morse theory, Y is a point. In the symplectic Floer theory considered 
in this article, Y = S 1 , and p 2 V = R 2n (obtained from trivializing some u*K). Y is 
a 3-manifold in Seiberg-Witten or instanton Floer theories. 

An ordered /c-tuple of Floer-type operators 

Si = d s + A 1 (s), ...,T) k = d s + A k {s) :E^F 

are said to be glue-able if 

• Ai(s) is constant for large s, A k (s) constant for very negative s, and for i = 
2, . . . , k — 1, Ai(s) is constant in s for \s\ ^> 1; 

• Aj(oo) = A i+ i(— oo) for i = 1, . . . , k — 1. 

Given a glue-able k + 1-tuple of Floer-type operators Do, . . . , D&, and k + 1-tuple of 
functions (/o, ■ ■ ■ , fk) & E k or F k , we may define the glued operator Do#/?i • • • #fi fe Dfc 
and glued function /o#j? 1 • • • #R k fk via the same formula (jU), replacing Uj^-i^,^!] 
there by Dj and respectively, where fi,{-R u R i+1 ] is the truncation 

fi,i-R t ,R l+1 ] = P[-R t ,R l+1 ](s)fi, where lfl4+l] (s) = P{2s/Ri + 2)(3{2 - 2s/R i+1 ), 

with Rq, Rk+i understood as — oo, oo respectively, and P(-oo,r](s) := (3(2 — 2s/ R), 
(3 [ - R , Qo) (s):=f3(2s/R + 2). 

Let Ki, i = 0, . . . , k be subspaces in E or F. We denote by ■ ■ ■ ^R k K k C -E 

or F the subspace 

K Q # Rl .--# Rk K k := {f #R l ---#R h h\f i eK i ,i = 0,...,k}. 
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In parallel, let Dx = d s + Ax(s), . . . , D k = d s + A k (s) be a fc-tuple of glueable 
Floer-type operators, with Ax(—oo) = A k (oo). We call such operators cyclically- 
glueable. In this case, we may define the cyclically glued operator and functions 
■ ■■#R k . 1 ®k#R k , fi# Rl ■ ■■#R k _J k #R k e r{Sl EiR .xY;p* 2 V) via the formula 
(JSJ), with similar modifications. The subspace Kx z fj z R 1 • • •j^R k _ x Kh^R h C r(5 , o- r R . x 
Y'iPV^) ma y a ^ so be similarly defined. Furthermore, gluing and cyclic-gluing extend 
in an obvious way to stabilized Floer-type operators. 
We denote by Lj±Kj the subspace 

<?#Kj = * • • • * 4 R ,_ x K^ Rj * • • • # Rfc _ 1 * C • • • #R k ^K k 

or * • ■ ■ * ^R^Kj^R. * ■ ■ ■ * # Kfc C ■ • ■ # Rk _ 1 K k # Rk 

depending on the context. Notice that when Rx, . . . , R k are sufficiently large and the 
subspaces Kj are finite dimensional, then <i are injective for all j. 
Given / G r(R x or x Y;p*V) and c G R or 5 1 , let 

res c (/) := /|{ c } x y- 

For a subspace K C r(R x F; p^V) or r(S' 1 x K; p^V), let res c i^ denote the subspace 
{f\ {c}x y\feK}cT(Y;V). 

Lemma. (Glued K-models) Let Dx, . . . ,25^ fre a k -tuple of glueable Floer-type op- 
erators, and [Di : Ki — » CJ^ fre K-models such that resold : if* — > reso-fQ is an 
isomorphism, and let reso-Bj C resoE be a complementary subspace to reso-Kj. Set 

B # := |/| res (r_ 2E »-i flj /) Gres 0J Bi,z = 
(la) Suppose for 5ft > 1 and .R := . . . , G [3?, oo) fe_1 , 

k 

®#r := ' ' '#-R fe _i®fc Fredholm of index ^^ind£>j ; . (7) 

i=i 

and K #R - := K x # Rl - ■ ■ ^r^K^ C #r - := C x #r x - • • j^ Rk _ x Ck- Then [D #i? : 
— > C_^]b # forms a K-model. In fact, these form a family K-model for the 
family of operators {D^}^. In particular, when Di are surjective Wi, the glued 
operator has a right inverse bounded uniformly in Rx, . . . , R k -i- 
(lb) The same holds for R := {Rx,...,R k ) G [ft, oo) k , D #M = D x # Rl • ■ • #R k _ x D k # Rk , 
K #n = Kx# Rl ■ ■ ■ #R k _ 1 K k # Rk! C #J? = Cx# Rl ■ ■ ■ # Rk _ l C k #R k if, m addition, 

Dx, ■ ■ ■ ,D k is cyclically glueable with indS) # ^ = ^^indlDi. 
(2) Furthermore, the projection U L j c , (with respect to the decomposition F = ® f=1 ^VCj© 
®#r(B#)) approximates ° ^[-r^^Rj] o T_ 2 yj-i R , where the projection 
is with respect to the decomposition F = Cj © Dj(Bj). 
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There are many other ways of choosing the B-space B# for the statement of this 
Lemma to hold (cf. e.g. |FH| Proposition 9); the one described above is that which 
we shall stick to for the gluing constructions in this article. Notice that with this choice 
of B#, the projection IT^ K (with respect to the decomposition E = ®^ L#Ki © B#) 

is given by 

= ( res o Ik,)" 1 ° n reso ^ o res o^^fl*' 

where the projection II reso ^ is with respect to the decomposition res E = res Kj © 
res By 

This gluing procedure also generalizes to family situations to construct family K- 
models for glued family of operators from family K-models of the family of operators 
to be glued. 

Example. (K-models of deformation operators at glued trajectories/orbits) 

Let {u , . . . , u k } be a broken trajectory, and Uj be centered representatives of Ui. Then 

When R , . . . , R k are large enough, [kerE^, coker E Ui ] is a K-model for E u . { _ R R . l] - 
Furthermore, viewing ker E Ui as the solution space of the first order linear differential 
equation E u £ = 0, we see that reso \kerE Ui is an isomorphism. Take Bi = {f\ reso(/) G 
ker E^. } • By the above lemma, 

[ker E U0 # Rl ■ ■ ■ # Rk ker E Uk -> coker E UQ # Rl ■ ■ ■ # Rk coker E Uk } B# 

is a K-model for Euo# Rl —# R u k - Similarly, in the case of broken orbits, we obtain 
a K-model for the deformation operator at the glued orbit by cyclically gluing the 
standard K-models of the deformation operators at the component trajectories. 

1.2.5 Proof by contradiction and excision for right-invertibility. 

Though Lemma fl .2.41 above is standard, we shall include a proof here, since it show- 
cases the typical arguments for establishing the (uniform) right invertibility of D w 
required by Step 2 of gluing: In simple situations, one may construct by excision 
a right inverse to T) Wx from right inverses of the deformation operators D Ui associ- 
ated to the gluing parameter x- (See e.g. jDj IDK| E]). In more intricate situations 
such as those frequently encountered in this article, it is often convenient to use an 
indirect, non-constructive method, which we refer to as "proof by contradiction". 
This method starts by choosing a codimension md® w subspace B x C E. By the 
Fredholmness of D w , if D Wx \b x is injective, then D Wx has a bounded right inverse 
P x : F — > B x . Suppose otherwise, that there is a sequence of unit length £ x G B x , 
such that Tl Wx ^ x — > 0. One then shows that this is impossible by estimating in 
terms of ||2)^ x ^ x ||, showing that the former must go to as the latter does so. This 
estimate is usually obtained by breaking £ x into summands & supported in different 
regions, and bounding the summands using the surjectivity of D Ui . 
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Proof of Lemma \1.2.J\ (1): The proofs of (la) and (lb) are almost identical; so we 
shall focus on (la). We follow the proof by contradiction framework. First, fix R and 
omit it from the subscripts to simplify notation. Let : Cj — > F be the inclusion, 
and let : 0^. Cj © B # -> F be defined by 

• • • , «*, = + ■ • • #B h _ 1 **(Vft). 

Choose . . . , i?fc_i to be large enough so that dimi\# = ^ dimi^, and dimC# = 
^dimCj. We have the decomposition E = K# © B# by construction. To show 
that [D# : K# — > C#]b # indeed forms a K-model, it suffices to show that £>* # is 
surjective, in view of the definition of K#, C#, B# and the index constraint (J7J). Since 
is Fredholm of index 0, it is equivalent to show that it is injective. 
Suppose the contrary, that there exists (i>i, . . . , v k , £) G 0,Cj © £># with unit 
norm such that 

3)* # (vi,...,i;fc,0 = 0. (8) 
The fact that : — > Cj]^ is a K-model implies that the operator 

: © fij -> F, (v, 77) i-> + ^-(v) 

has a bounded inverse, and hence 

||(%, (Pi-Rj-uRi) ^E^i^H ^ CH^(A-^-i,^] T -2Y.UR^ + 
< C\\P [ - Ri _ uRi ]OT_ 2E j-i IU )®v # (vi,...,v kl ti)\\ 

(9 1 

+ ^ll/3U_ 1 ,i ? ,]T_ 2 ^-1^)611 + c||(i - A 

-Rj-i,Rj] 

using the assumption (jHJ) for the first term, the fact that /3[_^. _ 1 r a < C(^2 { R^ 1 ) <C 1 
for the second term, and the fact that 11^(^)11 is bounded and Ri are large for the 
last term. Meanwhile, observe that f3j := T 2yy-' L ^[-Rj-uRj] are disjointly supported 
for different j, and write 

k fc-1 
j=l Z=l 

where is a non- negative function supported on (2 X]!=i Ri — Ri/2,2 Y^i=i Ri+Ri/ty- 
Choose Ri, . . . , Rk to be large enough so that over the support of <pi, Di = Di + i = 
d s + Ai(oo). Since by assumption d s + Ai(oo) has a bounded inverse, we have: 

hia<c\\(d.+A i (oo))(<piC\\ 

< 1. 

(10) 
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Summing (jUJ) and (JTUJ) for all j and I, we obtain the desired contradiction that 

\\(V!,..., V k , II < E II ^> M II + E H^ll « L 
3 I 

To see the assertion about family K- models, replace {y i, . . . , v k , £) above by a se- 
quence of unit vectors {(v", . . . ,v%,£ u )} v with ||53^ r v ( v u ■ ■ ■ 7 v k^)\\ ~* ®- This * s 
impossible by the same estimates, since the above estimates do not depend on the 
specific values of Ri, . . . , Rk-i- 

(2): We now switch to the excision method. Let \j be a smooth cutoff function 
with value 1 on the support of /3j, and vanishes outside the support of <Pj-i + <fj 
(with (fo '■= =: (fk)- Let xi be a smooth cutoff function with value 1 on the 
support of (fi, and vanishes outside the support of Ylj=i-iPj- We choose these cutoff 
functions such that |x'-|, \x'i\ are both bounded by min i i? J ~ 1 /4 for all Let <5q. = 
(<7* •, Gqij) : F — > Cj © Bj and Gi : F — > E be the inverses of Dq !j and <9 S + Ai(oc) 
respectively. Let (5$. = (g^,.,G^,.) := (fl , * J -T_ 2 yjj-i ^yjt 1 itfi^^-iT,^ 1 «j) an d set 

£* # = (^A, • • • , </* fc /3fc, E XjGlflj + E Xi^j^i) • 

A straightforward computation shows that D^ # (J5^ # = 1 + 5, where 5 is small in 
operator norm, and so the inverse of £>* # is C5* # (l + Now, the projection from 

F to d&Cj is given by llc i 0* # (l + 5) _1 while the projection from F to Cj is given 
by Ucj&qij- Claim (2) of the Lemma follows from comparing these two. □ 

1.2.6 Generalizing the gluing map. 

Suppose the deformation operator D Wx has a K-model [K — > C] with nontrivial C, 
the construction of gluing map in §1.2.1 Step 3 may be generalized as follows. 

Write in local coordinates near w x as in §1.2.1, and project (0) to the subspaces 
D(B), C C F respectively, while decomposing 

£ = P x r] x + £ K for £ K G K, P x r] x G B, 

where P x : ®{B) — > B being the left inverse of D Wx \b- We have: 

Vx + n s(B)(-^(^x) + ®vi x €k) + R<s{b)N Wx {£ k + P x r] x ) = 0, 
n c (^(u; x ) + T) W J K ) + N Wx (U + P xVx )) = 0. 

If £k is sufficiently small, the contraction mapping theorem (Lemma 1.2.1) applies to 
the first equation above to obtain a solution of r\ x depending on £ K . Substitute this 
into the second equation, we obtain a finite rank equation in which is itself in a 
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finite dimensional space. (The function on the LHS of this equation is the "Kuranishi 
map"). Thus, the solution space of £ is now an analytic variety in C . If [K — > C] is a 
fiber of a family K-model [K a — > C = ] for {S)„, x }xeE, this describes the local structure 
of moduli space near the image of the pregluing map as an analytic variety in the 
finite dimensional vector bundle C = . C = is the so-called "obstruction bundle", and 
this is essentially the "obstruction bundle technique" pioneered by Taubes. 

In general, it is difficult to understand the structure of this analytic variety. An 
example from this article is the case of gluing a broken trajectory or orbit involving 
m Type II handleslides, where m > 1 (cf. section 6). According to Lemma fl.2.4[ in 
this case the glued K-model has an m-dimensional generalized cokernel. Our inability 
to describe the local structure of Xip 1,+ near the stratum T Pths _ m or that of Xi ' l,+ 
near the stratum To^hs-m is precisely due to the lack of understanding on the relevant 
analytic variety in this bundle of generalized cokernels. 

1.2.7 Typical arguments for Step 4 in Floer theory. 

Typically, it follows directly from the discussion on Kuranishi structure in Step 2 
that the gluing map is a local diffeomorphism. For example, let x — {ho, ■ • • > u k} x 
(R%, . . . , Rk-i), and x — { u o} X ••• X for corresponding representatives of 
iii given in Remark 1.2.2. When are all nondegenerate, Lemma [1.2.41 asserts that 
kerD Wx is isomorphic to 

kerD no # • • • #ker£ Mfe ~ T X H(§) ~ T x ~(§) x Rw' x , 

where the first isomorphism in the above expression is the differential of the preglu- 
ing map, and the second isomorphism is due to Remark 1.2.2 and the fact that 
25l(tlW x ) = w' . On the other hand, the pregluing w x is close to the corresponding 
image of the gluing map, w. Thus, ker® Wx ~ kerlD^, = T W M. P . These together 
imply that the differential of the gluing map is an isomorphism from T X S to T w A4p. 

To show that the gluing map is actually surjective to a neighborhood of S in Xip, 
one starts with the following simple consequence of the implicit function theorem: 

Lemma. In the above situation, let T x C T Wx Bp = E be the image of the differential 
of the pregluing map at x- Suppose the following hold for all ^GH: 

• T x , and w' x vary smoothly with xi 

• 3 subspaces B x C E forming fibers of a bundle £> = — ► E, such that E decomposes 
as E = B x © T x © Iw^,, and the projections to the summands are bounded 
uniformly in x- 

Let exp(u> x , b x ) G Bp denote the element of coordinates b x in the local chart cen- 
tered at w x . Then there is a diffeomorphism from a small tubular neighborhood of 
{((x,0),0)} C x R to a small tubular neighborhood, U e = {exp(r L w x , £)| \\£\\e < 
e} C Bp defined by 

((X T ) ^ ^(exp(w x , b x )). 
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In other words, B~ gives a good coordinate system of a slice of the M-action in U e . In 
our context, B x is the B-space defined in Step 2, and the projection IL3 = P x D Wx . 
Proofs of analogous statements in the harder gauge-theoretic context, where the K. 
action is replaced by the action of an infinite dimensional gauge group, may be found 
in jDKj 7.3, and |DJ pp 97-99. 

Together with the contraction mapping theorem stated in §1.2.1, this lemma im- 
plies that the gluing map surjects to a tubular neighborhood (in E-norm) in the 
moduli space. However, the moduli space of broken trajectories is endowed with the 
coarser chain topology instead. Thus, a major task in Step 4 is to show that any 
flowline in a chain topology neighborhood of § in fact lies in U e . This requires a 
decay estimate of the flow lines near the connecting rest points. 

In the case where the connecting rest points are nondegenerate, the relevant expo- 
nential decay estimate is akin to the decay estimate for flows ending at y, which has 
been used to derive (global) compactness of A4p from Gromov (local) compactness. 
Proposition 4.4 of [Dj is recommended for a well-written account of this estimate (in 
the gauge-theoretic context). 

1.3 Gluing Flowlines Ending in Degenerate Critical Points. 

To verify the prediction of (RHFS2c, 3c) on the corner structure of Xi P ' 1,+ or M.q 1,+ 
near T Pjdb , Jp or T 0)db , one needs to glue flow lines ending at a degenerate critical 
point. 

Let (J A ,X A ) be an admissible (J, X)-homotopy, and let (0,y) E V A ' de9 (J A , X A ). 
In sections 2-4, we set § = Tpjb or To,db, which consists of broken trajectories or 
orbits with all the connecting rest points being y. In section 5, § is the subset in 
Jp consisting of connecting flow lines starting or ending in y. The space of gluing 
parameters in both cases will be S(S) = § x S, where S is an open interval in A with 
left or right end 0. 

The gluing theory in these cases differ from the "standard" case outlined in §1.2 in 
many aspects. Much of the additional complication arises from the fact that, instead 
of the usual configuration space modeled locally on Sobolev spaces or exponentially- 
weighted Sobolev spaces, the moduli spaces of flows to y now embed in configuration 
spaces modeled on the polynomially-weighted H^-norm, and the deformation opera- 
tor is between the W u and L u spaces introduced in §1.5. The main difference between 
working with these polynomially-weighted spaces and the more commonly seen ex- 
ponentially weighted ones is that, the range space L u now has larger weights in the 
longitudinal direction than the domain space W u . This often implies that all the 
estimates in the gluing theory need to be particularly precise in the longitudinal di- 
rection, especially near y, where the weight is large. Below is a quick outline of the 
strategies adopted in sections 2-5. 
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1.3.1 Constructing pregluing. 

Let x — ({wi, . . . , Mfc}, A) G H(S). Due to the aforementioned problem with large 
weights in the longitudinal direction, one needs a more delicate pregluing construction 
instead of the typical one explained in §1.2.1. 

Let u\j be a centered representative of Ui or a suitable cut-off version of it (to 
be specified later). Noticing that a variation in parametrization (by s) of an element 
in Bp or Bo gives rise to a variation of the element in the longitudinal direction, 
a natural solution to the above problem is to find (A-dependent) diffeomorphisms 
7 ni : ij — > M, such that: 

• setting the pregluing w x (s,t) = MA,i(7« l (s), t) over Li x 5 1 , the error J-{w x ) 
projects trivially to the longitudinal direction (i.e. the direction of w' x ) where 
w x (s, •) is close to y, and r )' u . = 1 elsewhere. 

• Si < Sj if Si e hi Sj G Ij, and « < j, and the closures of U x S 1 cover the domain 
of w x , 0. 

The above condition gives an ODE which determines 7 Ui . Furthermore, from 
the ODE one may derive various behaviors of j Ui , which will be important for the 
estimates throughout the proof. For instance, the length of ij is of order |A| -1 / 2 if Ui 
is not the first or last component of a broken trajectory. 

1.3.2 A-dependent If-norms and partitioning of O. 

In these settings, the gluing map to be constructed takes values in parameterized 
moduli spaces endowed with the ordinary L^-topology. However, instead of the ordi- 
nary L^-norms, we shall work with certain weighted norms W x , L x , because the right 
inverses of the deformation operator at w x is not bounded uniformly in the ordinary 
Sobolev norms. These weighted norms are defined similarly to the W u and L n -norms 
in §1.5.2, and are in some sense a combination of the W u - or L ni -norms of the com- 
ponents Uf, thus, when Ui are all nondegenerate, the right inverse of the deformation 
operator at w x is expected to have a uniform bound in terms of the norms of the 
right inverses of the deformation operators at They are all commensurate with 
the usual Sobolev norms, though dependent on the gluing parameter x- 

When performing estimates, we typically partition O into several regions depend- 
ing on whether r )' u . is close to 1, and estimate over each region separately. Over the 
region Q Ui , the values of 7^. is close to 1, and hence w' x approximates <9 7 w(7), the 
W^-norm approximates the W^-norm, and the deformation operator at w x may be 
approximated by that at Mj. The length of these regions are typically of order |A| -1 / 2 
or infinite, and the estimates over these regions are similar to those in §1.5. 

In the case considered in sections 2-4, the other regions are Q y j. They have 
lengths of order |A| -1 / 2 , and estimates over these regions often use the facts that on 
Qyj, w x (s,-) is close to y (of distance < C | A | 1//2 for some positive constant C), and 
that 7 Uj (s) grows polynomially as positive multiples of (|A|([— s)) _1 . 
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In the case considered in section 5, the other regions are Q y ±. These are of infinite 
length, but y' u and hence also w' decay exponentially in the form C± exp(=F/z ± |A| 1//2 s), 
C±, A*± being positive constants of 0(1). In addition to this, we also often use the 
fact that over this region, w x (s, •) is close to the new critical points y\± (of distance 
< CIA) 1 / 2 for some positive constant C), and the estimates about y\± in §1.5.3. 

1.3.3 K-models 

(a) Choosing the triple K, C, B. The deformation operators for parameterized 
moduli spaces are stabilizations of those for A4p, M.o, T) u = E u or D u respectively. 
Thus, it suffices to construct K-models for the latter. Similar to the case in £ 11. 2. 41 
we shall always take the B-space to be W', the subspace of W x consisting of those £ 
such that res 7 -i/ ) £ is L 2 -orthogonal to res ker . Vz. The generalized kernel will be 
the sum of the subspaces 7*. ker E u . = {7*./ | / G ker E u .}. The generalized cokernel 
is trivial in the case of section 5, but it is nontrivial in the case of sections 2-4. In 
fact, by additivity of indices, its dimension is precisely the number of connecting rest 
points of the broken trajectory /orb it {ui, . . . , itk}. 

In this case, we choose the generalized cokernel to be spanned by {fj}, where fj 
is a positive multiple of the product of the characteristic function of Q y j with a unit 
vector in the longitudinal direction. If one requires fj to be of unit L x -norm, the 
L°°-norm of fj would be of order |A| 1+1 /( 2p ). Heuristically, this choice is natural in the 
following sense: 

1. In this case, T>ll is modeled on the operator d/ds : Li([y~*(0),y~HO)]) — > 
^([lui(Q)ilut(Q))) wri ile B = W' x models on the subspace of functions vanishing 
at the points 7 t 7. 1 (0). Thus, T)(B) models on the space of functions integrating to 
on all the intervals [7^ (0), 7^* (0)]. A natural choice for the complementary 
space C is the subspace spanned by characteristic functions over these intervals. 

2. Let A, A' be respectively in a small death/birth neighborhood of 0, x — ({^1, • • • , Uk} 
and Hi e M.p,\' be the flow line close to u i} y G M.p,\' be the short flow line from 
y\' + to yv- close to the constant flow line y(s) = y Vs. Let y mv (s) := y(—s). 
There is a glued trajectory or orbit w# = u\^y vm '#tt 2 #y m? ; # • ■ ■ that approxi- 
mates w x . Note that ker E^mv ~ coker Ey, coker E^mv ~ ker Eg] the former being 
trivial, while the latter approximates the 1-dimensional space of constant func- 
tions in the longitudinal direction (cf. §5.3.1 below). Thus, the glued K-model 
for E w# constructed in Example 1 1 . 2 . 41 also form a K-model for E Wx , in which the 
general cokernel is spanned by • • • * ^ker Eyj^ *•••}, which approximates 

if,)- 

(b) Proving the isomorphism. To verify that the above choices do give rise to 
a desired K-model, we need to show that the following operators are isomorphisms 
with uniformly bounded inverses: 

• in the case of section 5, ^ Wx \w' '■ W' x — > L x , 
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• in the case of sections 2-4, the stabilization D Wx : l m ©W^ — > L x , i D Wx (lx, . . . , L m , £) : = 

The general outline of the proofs follows the "proof by contradiction" framework 
sketched in §1.2.5, estimating over different regions in O separately according to the 
partition outlined in §1.3.2, and incoporating several extra ingredients including: 

• variants of Floer's lemma (cf. e.g. Lemma I3.3.1|) . which gives a L°°-bound 
on |A|~ 1//2 £ over Q y j. This is useful for ensuring that, in spite of the potential 
problem with large weights, the extra term /3'£t introduced by the cutoff function 
(as in when estimating the transversal component £t is still sufficiently 
small. (A different method is needed for the longitudinal component, where the 
problem with large weights is worse). This estimate is also useful for bounding 
the W x norm of £t over Q y j. 

• estimates for tj and £x over Q y j. In contrast to estimates over Q Ui , the esti- 
mates over Qyj differ substantially from the stereotype exemplified by the proof 
of Lemma 11.2.41 especially for the longitudinal direction, since d s + A y is not 
surjective, or even Fredholm. Since Dll in this region is modeled on 9 S , a basic 
tool of these estimates is a simple Lemma fLemma l3.3.3|) bounding the IP norm 
of a real- valued function / over an interval I in terms of the ||/'|| lp(i), the value 
of / at an end point of J, and the length of /. The latter are in turn bounded via 
||5D Wx (ti, • • • ; ^mjOllwx) the vanishing of £l at the points 7„ 1 (0), and the length 
estimate of Q y j. 

(c) Understanding the Kuranishi map. As explained above, in the case of sec- 
tions 2-4, the Kuranishi model is more interesting, as the Kuranishi map is nontrivial. 
To understand the Kuranishi map, one needs a better description of the projection 
ILj. In general this is not easy to compute when the decomposition C © 2) (5) is 
not orthogonal. Fortunately, due to the special property of our 3) and our choice of 
C, there is a relatively simple way of computing He'- very roughly speaking, modulo 
certain typically ignorable terms and multiplication by positive scalars, ITf. is given 
by integrating the longitudinal component over the interval h^/i^O), 7~ 1 (0)]. (See 
Lemma f4. 1.11 for the precise statement). Notice that this conforms with the heuristic 
picture sketched in item 1 of part (a) above. 

1.3.4 Surjectivity of gluing map. 

As explained in §1.2.7, the main task of this step is a decay estimate for the flow 
line near y, which has to be particularly precise when y is degenerate, due to the 
polynomially weighted norms adopted. This will be done via various refinements of 
the decay estimate in section 1.5. Given w = exp(w x ,£) G A4p in a chain-topology 
neighborhood of the pregluing w x , we estimate the transversal and longitudinal com- 
ponents of £ separately. First, reparameterize w x to get w, such that the difference 
between w and w is transversal near y. This difference satisfies a differential equation 
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which is used to obtain its pointwise estimate. On the other hand, comparing this 
parametrization with r y Ui , which was used in the definition of w x , one may estimate 
the difference between the two parametrizations via an ODE, which in turn gives a 
pointwise bound on the difference between w x and w (note that this is longitudi- 
nal). The desired bound on ||£||w x is obtained using the transversal and longitudal 
pointwise estimates above. 

2 Gluing at Deaths I: Pregluing and Estimates. 

The following three sections give a detailed proof of Proposition 2.1 below, following 
the outline in §1. 

This section contains the pregluing construction, the definitions of the Banach 
spaces as the domain and range of the relevant deformation operator, the error es- 
timates, and estimates for the nonlinear term. Namely, Steps 1 and 3 of the gluing 
construction sketched in §1. 

2.1 Statement of the Gluing Theorem. 

The following Proposition describes the appearance of new trajectories and closed 
orbits near a death-birth bifurcation, by gluing broken trajectories and broken orbits 
at a death-birth. These trajectories all appear for A in a death-neighborhood; for this 
reason, we call this a "gluing theorem at deaths" , in contrast to the gluing theorems in 
section 5, where the images of the gluing maps project via I1a to birth-neighborhoods. 

Proposition. Let (J A ,X A ) be an admissible (J, X)-homotopy connecting two regular 
pairs, and x, z be two path components of V A \V A,de9 ■ Then: 

(a) a chain-topology neighborhood of Tp jdb (x, z; 3?) in .Mp' 1 ' + (x, z; wt-(y) i( , p < dt) is 
l.m.b. along T p,d&( x , z ; 3?) j 

(b) a chain-topology neighborhood of To,db(^) in Xto 1,+ (wt-(y) jep < 3?) is l.m.b. 
along T 0jd6 (5ft). 

Furthermore, H\ maps these neighborhoods to death-neighborhoods. 

We shall focus on the proof of part (a), since the proof of part (b) is very similar: 
in fact, only the discussion in section 4 on gluing maps needs slight modification. The 
necessary modification for part (b) will be briefly indicated in §4.3. 

Recall that the admissibility of ( J A , X A ) implies that elements in V A,deg satisfy 
(RHFSli), and lie in standard d-b neighborhoods, namely, satisfy the conditions de- 
scribed in Definition 1.5.3.1. Thus, by possibly restricting to a sub-homotopy and/or 
reversing the orientation of A, we may assume without loss of generality that V A,de9 
contains exactly one point, y, which is a death. Namely, the constant 
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in Definition 1.5.3.1 (2b). We may also assume without loss of generality that 

n A y = 0. 

We now begin the construction of a gluing map from S(S) to Xip' 1 (x, z; wt-(y) tep < 
3ft), where in this case 

§ = T Pid6 (x, z; 3?); S(S) = S x (0, A ) for a small A > 0. 

As Tp i ^(x, z; 3?) consists of finitely many isolated points, we may focus on a 
broken trajectory {u , . . . , iik+i} in Xp,<#>( x , z ; 9?)- As usual, ttj will denote the centered 
representative of -Uj. 

2.2 The Pregluing. 

Let x := ({^o, • • • > Uk+i}, A) G Tp jdb (x, z; 3?) x (0, A ). Choose the representatives 
i — 0, . . . , k + 1 such that Mi(0) lies away from the neighborhood of y mentioned in 
Definition 1.5.3.1 (2a) and (2d). Let 

hV :=Vx x -Vx Q - 

By Definition 1.5.3.1 (2a), this is given by 8x x — &x when A < Ao is sufficiently small. 
That is, when Ao is so small such that J\ is constant in A for A G (— Ao,Ao). We 
choose Ao so that this is the case, and shall simply write J\ = J for such A. 

2.2.1 Lemma. Let [ = — oo 7 l\ = 0, and lk+2 = oo. Then there exist U G K, 
i — 2, . . . , k + 1, and homeomorphisms 

l Ui ■■ (U, k+i) -> K Vi G {0, . . . , A; + 1}, 
so that the configuration w_ x G Bp(x ,z ) defined by 

/x \ u i(luA s )) forse (U, U+i), i = 0, ...,k + l; 
y /ors = Ij,j = l,...,fc + l 



satisfies 



Furthermore, 



m! x (s),d JXx w x (s)) 2 , = 0; on Ut + o fo?(0), 7^(0)] 
7„. = 1 otherwise. 



C \- 1/2 < -7^(0) < C' \-^ 
Q\- 1/2 < U+i - U < C[\- l/2 for i = 1,2,..., k. 
C k+1 \- 1 ' 2 < 7-^(0) - h+i < C' k+1 \' l '\ 



(12) 
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Notation. To avoid confusion, we write w 7 = <9 7 w and reserve u' = u s for d s u. 
7 Ui will also be used to denote x id : x S* 1 — > R x S 1 . 

Proof. We'll focus on the case of % — 0, since the cases with other i's are similar. 
From the definition, 7« (s) satisfies 

^7«o( s ) = ^"uoWuoV 5 ))' 

where /i„ : R — >■ R is defined as: 

h ^ . = f-(K) T (7), (dj x x x Uo)( 1 )) 2 ,t\\(uoy / (l)\\2 2 t + 1 when 7 > 0; 

1 1 when 7 < 0. 

Our choice of the representatives ttj ensures that is continuous. From the decay 
estimates in Proposition 1.5.1.3 and the fact that y is in standard d-b neighborhood, 
for large 7 we have 

(5«J«o(7) = WioW) = T ^.(7) (^e,) + 0(A 7 ~ 1 ) + 0(A 2 ). 

On the other hand, (1*0)7(7) approaches the direction — e y for large 7; therefore 
there are A-independent positive constants A, A', such that 

A'X-f 2 > h U0 {l) > AA7 2 for 7 >l. (14) 

We see that the inverse function of 7« (s), given by integration 

r^h=f ^ ^ 

is well defined where 7„ is large. On the other hand, h UQ is always positive and goes 
to 1 when 7„ becomes negative; we see that 7« (s) defines a homeomorphism from 
R_ to R. □ 

2.2.2 Definition. The pregluing associated with the gluing data x above is (A, w x ) G 
£>p(x, z), where 

e R-,R+ are defined in 1.(62), and 

R. = 7 U0 1 (-CA~ 1/2 ); R + = 7"^ (C'\- 1/2 ) for fixed positive constants C, C 

Remark. In general, more complicated pregluing constructions are needed if Defini- 
tion 1.5.3.1 (2b) is not assumed. 

The following estimates for R± in terms of A will be very useful. 
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2.2.3 Lemma. C' ± \ 1 ^ 2 < R± < C±\ 1 ^ 2 for some \-independent positive constants 
C±,C' ± . 

Proof. We shall only demonstrate the inequalities about itL, since those for R + are 
similar. 

Choose a large enough 7 such that when s > 70, the decay estimate in Proposition 
1.5.1.3 for u (s) and u' (s) holds, and 

\\6 x V(uo(s)) - T y , Ms) (\ey)\\ 2 ,t < C TO A||no(s)|| 2 ,t- 

This implies that when 7 > 7 A~ 1//2 , A'X'j 2 > h U{) {^) > AA7 2 ^> 1 for some 
A-independent constants A, A'. Thus 

C 2 X- 1/2 < -l~t(lo\- 1/2 ) < T = CiA~ 1/2 . (16) 

J 7 oA- 1 /2 ^A7 Z 

On the other hand, rf7 ^°^ = h Uo ('j Uo (s)) > 1 always, so 

7 u - 1 (7oA-/ 2 )-7 u - 1 (-^A-V 2 )<C 2 A-V 2 . 
Combining the above two inequalities we get the claimed inequality for itL. □ 

2.3 The Weighted Norms. 

Define the weight function a x : R — > M + by 



-1 



when 7-1(0) < S < 7^(0); 



X V°y 112,* vvliC11 lu ^ ° ^ !u k+1 

°x(*) ■= { WKi^mW^ when s < 7uo 1 (0). (17) 

Hb&MU when s ^ ^(0). 

Let £ G F(w^K), define its 'longitudinal' component as 

■= 0(s -l-l(0))(3(i^ +1 (0) - s)a x (s) 2 (w' x (s),as))2,tw' x (s), 

where (5 : R — > [0, 1] is the smooth cutoff function supported on R + such that f3(s) — 1 
Vs > 1 (cf. 1.3.2.3). 

The norms for the domain and range of E w% are defined as follows. 

2.3.1 Definition. For f e r(w*lT), 

lieik := K /2 eii P +ikxaiip; 

lieik x := K /2 £IU + IK&IIp- 
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As usual, we also use W x , L x to denote the Banach spaces which are C°°-completion 
with respect to these norms. 

We shall extend the norm W x to a norm on T(A,«, X )-Bp(x, z) = R © W x in a way 
such that -E(A,«> X ) is uniformly bounded. (Cf. Lemma l2.5.1|) . 

2.3.2 Definition. Define the following norm on W x := R © W x (denoted by the 
same notation): 

ll(«,0ll* x := U\\w x + X- l/(2p) - l \a\. 
2.4 The Error Estimate. 

The main goal of this subsection is to obtain the following estimate: 
2.4.1 Proposition. In the notation of §2.2, 2.3, 

\\dj^w x \\ Lx <cx^-^\ 

Proof. By direct computation, Bj x x x w x is supported on (-FL- — l,R+ + 1) x S 1 , on 
which it is given by 



Tw x ,w x (Ri>J\V(w x ) ) + r\(x, z), where 



T m >Wx is as in Notation 1.5.2.6; 

r x (x, z) is a 'remainder term' supported on (— R_ — 1, R + + 1)\(—R_, R + ) x S 1 

which consists of terms involving /3(— i2_ — s)x x ~ x , (3{s — R + )z x ~ x and their 
derivatives (cf. 1.(62) for notation); 

letting n^ ; / \ denote the L 2 -orthogonal projection to the orthogonal complement 

of Rw^(s)* 



n;, (s) for SE [ 7 -i(0), 7^ 
Id otherwise. 



To estimate the terms in ([18)1 . note: 

2.4.2 Lemma. When — i?_ < s < t/iere zs a constant C independent of X and 
s, such that 



cr v (s 



ill^, 5AV(to x (s))||oo,t < CA 1 / 2 V sufficiently small X. 



Combining this Lemma with Lemma 12.2.31 one may bound the contribution to 
\9j x x x w x \\ Lx from the first term in (|I5jl by CiA 1 / 2-1 /^. 
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The contribution from the second term can be bounded by CX, using the C 2 
bound on J and X, and the following estimates: 



y sup 

se[-R--l,-R-} 



1*^1 



2,l,i 



fc=0 



IK*)lk 



u 



<C 2 Q +c 3 J2 SU P 

<C' 2 X +C' 3 e- C ^ 1/2 
< (X.A, 



where /x(s), Ca are defined by exp(w x (s), /x(s)) = xo, exp(x , x\) = and the second 
inequality follows from the exponential decay of w_ x to xq, and the estimate for i?_ 



2,l,t < CzA. 



□ 



in Lemma Similarly, YX=v su Ps&[r+,r + +i 

These together implies the Proposition. 

Proof of Lemma \2.4- 6 A By Sobolev embedding it suffices to estimate the L\ t norm. 
Again we will estimate only the s < part, since the other parts are entirely similar. 
Let 70 be as in Lemma 12.2.31 Consider the following two cases separately. Case 1: 
-R- < s < 7" 1 (7o); Case 2: 7 - 1 ( 7 o) < s < 0. 

CASE 1 : In this region (S\V(w x (s))\\2,i,t < CX. On the other hand on this region 
o x < C; in sum we have ||a x n^, (5\V(w x (s))\\2,i,t < C3X. 

Case 2 : In this region, the fact that y is in a standard d-b neighborhood plus the 
decay estimates in Proposition 1.5.1.3 imply that for small enough A, 

^o\ l ||n( Uo ) 7 T J/)Uo ( 7ito )e 2/ || 2 ,t + ||M7«o)lkt) 

< A((l - (1 + C 1 2 ||6(7.o)l| 2 2 jt )- 1 ) 1/2 + C"^ 1 
<A(C 1 ||6(7„ )|| 2 , + C"7- 1 ) 

< C4A7- 1 , 

where /i, b are defined by exp(y, //( 7 )) = «o(7); b(l) = ^-e y ^(l), as in §1.5. Meanwhile, 
d t [Uf Uo)i 5 x V(u ( luo ))] 

+ d t (U u M5 x V(u ( luo ))) 



2.f 



< \\d t [SxV(u (^ 

< XC 5 (\\d t (u (j 

< C6A7- 1 . 



"0; 



2,t 



2,t 



2,1 



I o- u d t (u ) 7 (7 
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On the other hand, we have from direct computation: 



a x \ s ) = \\ w x y s )\ht 

= n («o) 7 (7 ao («))^( M o(7«o(s)))) + HN) 7 (7« (»)lkt when 7 ~ 1 (0) < s < 0. 

(19) 

In particular, 

C'(\ + luo (s)- 2 ) > \\w' x (s)\\ 2;t > C 7 (\ + luo (sy 2 ) when > s > 7^(70). (20) 
In sum, in case 2 



°x\ s > 



Ui,5 x V(w x (s)) 



< 



2,i,t A + 7uo (s)- 



< cu 1 / 2 . 



The last step above is obtained by a simple estimate of the critical value of the rational 
function. Combining the two cases, we have proved the lemma. □ 



2.5 Bounding Linear and Nonlinear Terms. 

In the previous subsection, we obtained the estimate for the 0-th order term of the 
expansion We estimate the linear and nonlinear terms in this subsection. In 
our context, this means bounding E^ x ,w x ) and n( X ,w x )- These are done respectively in 
Lemmas 12.5.11 and 12.5.21 below. 

2.5.1 Lemma. With respect to the norms W x , L x of $2.3, the deformation operator 
E(\ jV] ) is bounded uniformly in A. 

Proof. The uniform boundedness of E w follows from simple adaptation of 1.5.2.3. 
We therefore just have to estimate the L x norm of 

E(x, Wx )(l, 0) = Y^x,w x ), 

where Y(\,w ) is as m 1.(63). By the properties of Yr XiW ) listed following 1.(63), Y^ w \ 
is supported on (— i?_ — 1, R + + 1) x S 1 , over which it has a A-independent bound. 
Also, from ()19|) we have a x < CA _1 . These, together with Lemma [2.2.31 imply 

\\E ix , Wx) (hO)h x < C'X- 1 - 1 ^ = 61(1,0)11^. 

for a A-independent positive constant C . □ 
Given (a,£) e T( X , Wx )Bp(x,z), let fi(x,w x )(®, £) be: 

n(\,w x )(a,0 := T-^ e{XWx . a0 djA jX A(X + a,e(X,w x ,a,^)) - 8 JxXx w x - E {x ,w x ){ot,€)- 
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2.5.2 Lemma. There is a X-independent constant C n such that for any £ = (a, £), fj 

(a', r,) £ W x , 



\h(\, Wx ){£) - n(x,w x ) 



< C n (U\\ W + \MwJU ~ V\\w x - 



Proof. These follow from direct computations, via the C^°-bounds of J, X. First, 
observe the pointwise estimate 



|™(A,iu x )(0 - n (X,w x ) 



< Cidei + \v\m -v\ + 1 v(e - 77)1) + c 3 (ivei + \^v\m - v\ 

+ (\a\ + \a'\)(\a - a'\)\Z xx \ + ((\a\ + |a'|)|f -r ] \ + \a- a'\{\£\ + \ V \) ) \Z Xw \, 



where Z xx , Z Xw are both supported on (— R_ — 1, R + + 1) x S 1 , over which they are 
dl9 Xx (w x ), d x V9x x (w x )/2 respectively, up to ignorable terms. Estimating similarly 
to the proof of Lemma 12.5.11 we have 



kx^-ullp,! + Ikx^Atullp,! < C'X 1 1/(2p) . 



Thus 



< 



0\ 



P ,i 



< Cidi^eilco + K^Uiie - v\\w x + c 2 (U\\w x + \\v\MK /2 (£ -v)l 

+ C'X- 1 - 1/{2p) (\a\ + \a'\)(\a-a'\) 

+ C'X- 1 - 1 ^ ((|«| + |a'|)||£ - V U + \a- a'KHeiloo + IMP) 

<c„(iieii^ + iir7ii^)iie-^i^, 

using a Sobolev inequality to bound the L°°-norm by L^-norm. 



□ 



3 Gluing at Deaths II: the Kuranishi Structure. 

The purpose of this section is to introduce a K- model for the operator E w . By 
stabilization, this also yields a K-model for E( X)W ). The main result is summarized 
in Proposition 13. 1.81 below. 

3.1 The Generalized Kernel and Generalized Cokernel. 

Given y £ V, we denote by y the constant flow y(s) = y Vs. 

We first partition the domain = R x S 1 into several regions, over which w x 
approximates either one of u%, or y. 

For a subdomain 0' C and some norm L, we denote by ||£||l(6') := ||£ 
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3.1.1 Definition. (Partioning 0) Fix a small positive number e > A. For % = 
0, ...,k + l, let 

t* := (2C Ut ef\\C> y )- V \ 

where C Ui is the constant in the bound ||«i(s)||2 > C u Js 2 (cf. 1.5.1.3). For j = 
1, . . . , k + 1, define 

Qyj :=[Sj-,Sj+) x S , where 

Let 9 ni denote the (z + l)-th component of ©\Uj®i/i' an d let @yj — (lu^^j-i ~ 
n.'.'i-r, • D)x.S ; )(-) ;/r 

Notice that the 'length' of the region W -, s J+ — Sj~, is bounded as 

Ci(eA)' 1/2 < s j+ - Sj - < C 2 (eA)- 1/2 . (21) 

These inequalities follow from the arguments leading to ()16|). using respectively in- 
equalities of the type of the left and the right inequalities in (J 14)) . The length of 
Qyj satisfies similar bounds, with the constants Ci,C 2 above replaced by different 
constants C' X ,C' 2 - 

3.1.2 Definition. (Bases for generalized kernel/cokernel) Fori = 1, . . . , k+1, 
let 

e Ui ■= e W x . 

For j = 1, . . . ,k + 1, define the following elements in L x : 

f . ._ C-\\\ 1 + 1/ ( 2p) l9r, W' Will II" 1 

where $Q yj is a characteristic function supported on Q y j, and Cj are constants chosen 
such that ||fj||i = 1. 

Let 

K x : = Spaa{e Ui } i6 { ,...,fc+i} C W x ; 

K x : = Span{(l, 0), (0, e Ui )} 4e{ o,..., fc+ i} C W x ; 

C x := Spanjfj}, and 

K := {e \((lu!rm, V(0)h,t = Vr? G ker E Ui Vz G {0, 1, . . . , k + 1}} C W x . 

(Note that linearly independent elements in ker.E Ui restrict linearly independently to 
the circle s = 0, since they satisfy a homogeneous first order differential equation.) 

A quick computation shows that the W^-norm on K x and the L x -norm on C x are 
commensurate with the standard norm on Euclidean spaces with respect to the bases 
given above. 
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These are respectively fibers of Banach spaces bundles over the space of gluing 
parameters H(S), K B , K s , C~, W' E , and W' E . 

Obviously, W x = K x © W' x and W x = K x © W' x . Let W x := R k+1 © W 7 ^, with the 
standard metric on K fc+1 . (As usual, we denote the norm on it by the same notation). 
Let 

fe+i 

E x '■ W x -> L x , E x (li, fcfc+i, := £™ x £ + ^ tjfj. 

i=i 

A quick computation using (j2~Tj) shows that this is a bounded operator. The rest of 
this section is devoted to proving the following 

3.1.3 Proposition. For sufficiently small Xq, the triples K a , C a , W'", and K a , C~, 

W a are respectively K-models for the families of operators {E w } x e ~ (s) and {Efx,w x ) }xes(S) • 

In particular, there is an inverse G x : L x — > W x of E x , which is bounded uniformly 
in X. 

We shall concentrate on proving the existence of a uniformly bounded G x , since 
the rest of the assertions follow in a straightforward manner. The proof follows the 
"proof by contradiction" framework outlined in §1.2.3: since E x is Fredholm with 
indE x = 0, it suffices to show that there exists a A-independent constant C, such 
that |j|||^ < V| G W x . 

Suppose the contrary: that there exists a sequence {£a = (<<i,Aj • • • > L k+i,\i £a) £ 
W x }, with 

\\E {x , Wx) (ix)\\L x =:s E (X) ^0 where A - 0. (22) 

We shall estimate £a in terms of £e(A) over the various domains introduced in §3.1.1, 
to obtain a contradiction. 

3.2 Estimates over n .. 

Given a diffeomorphism 7 : I — > M, let 

V*. := (7 -1 )*^ : r(6,«;*K) - r( 7 (6), (^TnfK). 

By construction, for f G r(tw*A"), Tj;^ G r(«?K). 

Since the discussion in this subsection holds for all i, we shall often drop the index 
i. For instance, u = Ui for some i. 

In this subsection, the 'transversal' or 'longitudinal components' shall refer to the 
respective components of elements in V(u*K). 
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3.2.1 Comparing W x , L x -norms and W u , L u -norms. According to computation 
in the proof of Lemma [2.2. II and the definition of n , in this region |/i n (7 u ) — 1| < e. 
Thus, a u and o~ x are close in this region, and by direct computation we have: 

Lemma. Suppose £ G Y{w x K) is supported on Q u , and let e, A be as in Definition 
ETQ1 Then 

(l-2e)U\\w x < \\XJ^\\w u < (l + 2e)||e|| Wx ; 
(l-2e)U\\ Lx < \\T£, n J\\ Lu < (l + 2e)||£|| Lx , 

and for some constant C , 

HAWa,OIU x > (1 + 2er 1 \\E u (T^J) + aT^Y {x>Wx) \\ Lu - (CX + e)U\\ Wx . 

Remark. The fact that y is in a standard d-b neighborhood (more precisely, the 
condition Definition 1.5.3. l(2c)) is used here. In general, the last term on the RHS of 
the above inequality would be larger. 

3.2.2 From £ A G W' x to ^ x eW' u .. For i = l,...,k, and £ A G W x , let 

f (t^TCa - A((7«,^ 1 )*6)t - ^ + (( 7 - 1 )*6)l - ci+rO 

I outside. 

(23) 

where: 

• Pi is a smooth cutoff function in s supported away from (— tj + l,tj — 1), being 
1 outside (— tj, tj). 

• 9i± are characteristic functions of (— oo — Si) and (Sj, oo) respectively. 

• Ci± are constants defined by 

(( 1 - 1 r^) L (±x t )=c t± u'(±x t ). (24) 
For i = or k + 1 and similarly defined constants Co, c^+i, let 

Ua := - 0{s - to)((Tj x ^ x a), - c u' Q ) ° n ( °°' to) 6 

[0 outside; 

f^xfffix^A - P{?k+i ~ 1 - •5)('7^ X ^ 1 £ A ) T j 

/,/ w/ T > H i t t / \ on (r fc +i, ooj x o 

- 9{x k+1 - s){(T Wx ^ x ) L - c k+1 u k+l ) 

outside, 



where P is the smooth cutoff function as in Part I and §1.2.2, 6 is the characteristic 
function of M + . 
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Remark. The point of the above definition is to introduce cutoff on £x, while keeping 
the extra terms (arising from the cutoff) in E u (£\) ignorable. The usual smooth cutoff 
works for the transversal direction, but not for the longitudinal component, over which 
the weight function is greater. Instead, we replace the longitudinal component over 
the cutoff region by a suitable multiple of vl determined by the matching condition 
f)24|) . and make use of the fact that E u {u') = 0. 

3.2.3 Estimating E U ^ U) \. The estimate for all % are similar. Taking % = for 
example, a straightforward computation yields: 

E U0 (Ux) =(1 - P(s - r + i))E U0 (%J;^ XT ) 

+ (1 - 8(s - t ))E U0 (T^ x U(t )) 

-5(s- t ) (t2$2. x £\l ~ c m )) • 

The last term above has vanishing L^-norm because of the condition (j24)l : by Lemma 
13.3. II below, the L^-norm of the penultimate term can be bounded by Ceq(X), which 
goes to as A — > 0. Thus, by the previous lemma, we have for small A that 

H-Eu6u,A|U„( 7 „(e„)) < \\E u {T2",wJ,>)\\Lu{-iu(eu)) + C^o(A) 

< (1 + 2e)\\E w J x \\ LA e u ) + (C'X + e)||OJk x( e u) + Ce (X). 

In the last expression, the first term goes to zero because of (|22jl and the fact that 
over Q u , E x ^\ = E Wx £\. The second term is small since ||£a||w x < 1- 

3.2.4 Estimating £ Ui ,\- Since G W' ul where 

W' u -.= {^ew ui ( u '(oU(o)) 2)t = o}, 

by the right-invertibility of E u , \\£ u ,\\\w v < CH^u^aIU,, < £• In particular 

W T wlw x ^\\wu('yn(e>u)) < £ u when A < A is sufficiently small, (26) 
where e u is of the form 

e u = Ce (X)+C 2 (X + e) + 2e E (X) 1 
which can be made arbitrarily small by choosing the small constants e, A appropriately. 

3.3 Estimates over @ y j. 

The estimates over Q y j for different j are similar; so we shall drop the subscript j in 
the discussion below. 
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First, note that from the computation of (|2U|) that there exist A-independent 
constants Cm, C m such that 

CmX- 1 < a x (s) < C M \- 1 on Q y . (27) 

We may therefore replace (modulo multiplication by a constant) the weights in the 
W x and L x norms by A -1 . 

3.3.1 Estimating the transversal component. In the transversal direction, the 
estimates are again similar to the standard case: By looking at the limit of (o:a,£a), 
one has: 

Lemma. (Floer) Let (o:a,£a) be as in \2ty) . Then for all sufficiently small X, 

Ux\\L^ {% )<eo{\)\ 112 
where Eq(X) is a small positive number, liniA_>o ^o(A) = 0. 

Proof. Let (s\,t\) be a maximum of |£a| in 6^. Consider a slight enlargement of 6^, 
e;' D e;, and let C > be such that [-C^eA) -1 / 2 , C _1 (eA)" 1/2 ] x S 1 C 0;'. Define 

C A (s, t) := X-^PiCieX^s) T Wx yUs + s x , t) on % 

where (3 is a smooth cutoff function supported on (—1, 1) which equals 1 on (—1/2, 1/2). 
By (J22J), IKaIIp.i is uniformly bounded and thus by Sobolev embedding <^a converges 
in Co (taking a subsequence if necessary) to & %, which satisfies E y q = 0. (Note that 
the term involving i dropped out because of the assumption \i\ < X l+l ^ 2p \) Such a 
0) must be identically zero (cf. [F] pp. 542-543); so 

IkAlU^d-iaixs 1 ) as x — > o, 

and thus ||£ A |U~(eg < £ (A)A 1/2 . □ 

Remark. In fact, one may be more precise about the longitudinal component: by part 
(a) of Lemma ||6l||l-(0;) < CX l ' 2+l '^ t 1 '^" 1 ' 2 . 

Lemma f3.3.1l tells us that \\E Wx (P y ^x)T\\L x — ► 0, where (3 y is a smooth cutoff 
function supported on Q y with value 1 on G^, since contribution from the extra term 
due to the cutoff function goes to zero. Thus since E w is right-invertible (being close 
to a conjugation of E y ) on the transversal subspace, 

mx)T\\w xi e' y )<Ce E (X)+C'e (X)^0 as A - 0. (28) 
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3.3.2 A useful normalizing function. The estimates for the longitudinal com- 
ponents hinge on the observation that, after certain normalization, E Wx behaves like 
the simple operator d/ds over the longitudinal components. 

Definition. Let £{s) be the positive real function such that 

(w' x , E Wx (£e w )) 2 , t = and £{^(0)) = 1, where (29) 
e w (s) : = \\w' x \\^(s)w' x (s). 

Lemma. The function £ is always positive, and there are positive X-independent con- 
stants Ci,C2 such that 

0<C X < miw'J^s)- 1 < C 2 Vs G [7^(0), T^ +1 (0)]. (30) 

Furthermore, over [sj-,Sj+] Vj ? 

< C X X < £ < C 2 A; \£'\ < C\X\ 1/2 \£\. (31) 

Proof. £ satisfies a first order linear differential equation, so its existence and unique- 
ness is obvious. It also follows that £ has no zeros, because otherwise it would be 
identically zero. The condition that £(j^(0)) = 1 therefore implies that £ is always 
positive. 

f!30|) follows from the next Claim by observing that -^(w^ll^ \ (7^(0)) is A-independent. 
Claim. Let s 0+ := 7^(0); s fc+2 _ := 7^ +1 (0). Then 



ln^|K|| 2it (r 1 ))-ln(^|K|| 2it (r 2 )) 



< C 



for a constant C independent of ri, r 2 and A when ri, r 2 are both in: 

(a) [Sj + ,Sj + i_] for some i G {0, 1, . . . , k + 1} or 

(b) [Sj-,Sj+] for some j G {1, 2, . . . , k + 1}. 

Proof of the Claim: In case (a), set u = Ui and drop the index i. In this case, 
|7u| < CjA -1 / 2 , j' u is close to 1, and ||k^.|| 2 ^ can be approximated by ||w 7 (7 u )|| 2 ,t. We 
will therefore estimate ^||w 7 ||2~t instead. In this region, rewrite (}2T?|) as: 

^(ln(£|K|| 2 - t 1 )) = ( T :-l)^(ln|K|| 2 - t 1 ) 

and integrate over s. Using the estimates in section 2, it is easy to see that in this 
region, the L°° norm of the right hand side of the above equation can be bounded by 
CA|7| < C'A 1 / 2 . On the other hand, the distance between r\ and r 2 can be bounded 
by a multiple of A -1 / 2 , so the claim is verified in this case. 

In case (b), set u = Uj_i or Uj depending on whether s is smaller or larger than 
lj, and again drop the index j — 1 or j. In this case, |7 n | > CjA~ 1//2 , and X\\w' W2I 



31 



can be bounded above and below independently of A (cf. (|27|)) in this region, so it 
suffices to estimate the variation in I. We write (|29|) in the form: 

^(lnf) = -\\u y \\ 2 }(u^) L 
in this case and again integrate over s. The Claim then follows from the bound 

< Cz\ lu \- 1 < C'^X 1 ' 2 (32) 

and bound of the distance between r\ and r 2 can be bounded by C^A" 1 / 2 . □ 

Continuing the proof of the Lemma, the first inequality in (}3*Tj) is the consequence 
of (J3U|) and (j2*7j) . The second inequality of (J3TJ) follows directly from and the first 
inequality. □ 



3.3.3 Estimating the longitudinal direction. It is convenient to introduce: 

Definition. For j = 1, . . . , k + 1, let the R- valued function fj(s) be the unique 
solution of 

E Wx (fj£6 w ) fj£e w fj, 

Ufa-) = 0- ( 33 ) 
Also, let (p\(s), ipx^ipf) be the R- valued functions defined respectively by 

tpx,i(l) = ( r M x 6(7),e Ul (7)) 2 ,t, where e Ui = K||^< 

The estimates for the longitudinal components will be based on the following 
elementary lemma. 

Lemma. If q E Lf([0,/]), then 

(a) IMIoc < Cj-V'Wq'Wp + C 2 r 1/P \\q\\ p . 

If furthermore q(0) = 0, then in addition: 

(b) IMU < cfi-V'WW* 

(c) \\q\\ p <C'l\\q'\\ p . 

The positive constants C, C, Ci, C 2 are independent of q and I. 
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Let (f>\j := (p\ + L\jfj- Then by (|3ip. (|27)1. (j2TJ), and part (c) of the above Lemma, 



||(£a)l + t\,jUj e w\\w x (e y] ) 

<C 1 (\^U x J\ LP{ e y]) + U&Jlpo,,)) 

< C 2 (^l^ll^) + A-V-V( 2 ,) e -i/(2p)|^._ 1 | (t ._ l)) 

< ( e - 1/2 ||(^)L|U x( e M) + A-^/We-V^i^K^)) 

< C 4 (e- 1/2 £ £ + e -V2-l/(2 P ) A l/2-l/(2 P ) £o) + A -l/ 2 -l/( 2p ) e -l/(2 P )| V ,^_ i | (ti _ i ^ 

(34) 

In the last line above, £o comes from Lemma F3.3.1I and an estimate for (E Wx £\t)l 
via a computation similar to 1.(47). To estimate the last term above, note that from 
Lemma (3.2. 11 we have 

H^i^ieuJIU^Qo.tilxs 1 ) 

< (l + 2e)\\E x (£ x )\\ Lx + (CX + e)\\U\\w x + C'\\7^J XT \\ Wutil0 ^) 

< Ce' ^ as A -> 0. 

In the above, we used (J2BJ) to estimate £t|| w-vdo^xs 1 )- On the other hand, 

||-E ? «i('0A,ie^)||l /Uj ([o,t i ]xSl) > C||(o-« 1 (V ; A,i)7l|LP([0,r l ]). 

Using Lemma 13.3.31 (b) and the fact that ^a,i(0) = (because £a G W 7 ^); ^ ne P rev i° us 
two inequalities imply: 

|^(t,)|<CArl- 1/p 4 

< ^/ A l/2+l/(2p) e l/2-l/(2p) £ / _ ^ ^ 

Combining this with (j34j). we have 

+ ^,//,e w |k x( e M ) < C 5 (e" 1 ^ + e -V2-i/(2 P ) A i/2-i/(2 P ) £o + JMp^ . 

(36) 



3.4 Estimating Lj and /j. 

This subsection fills in the last ingredients for the proof of Proposition 13 . 1 . 31 estimates 
for Lj and fj (lemmas 13.4.11 and 13.4.21 respectively). Combining these estimates with 
the estimates obtained in previous subsections, we finish the proof of Proposition 
ETPIinftTP 

3.4.1 Lemma. Let A, e be small positive numbers as before. Then 

< e tJ -(A,e), 

where e L j > can be made arbitrarily small as A — > by choosing e appropriately. 
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Proof. This lemma follows from a lower bound on £fj(Sj + ), and a upper bound on 
L\j£fj(Sj + ), given respectively in ()37|). (|38|) below. 

Note from the defining equation for fj and (}3*Tj) that > CA 1 /^ for some 
A-independent constant C. Therefore by (j21J) . (}3*T]) . and the initial condition of fj 

'./>,-) J[Mj )) 

> CiA 1+1/(2p) (s j+ - Sj_) 

> C j e- 1 / 2 A 1 / 2+1 /^. 

A similar calculation establishes an analogous upper bound, and we have: 

C / e -l/2 A l/2+l/(2 P ) > ^. (s . +) > C . e -l/2 A l/2+l/(2p)_ (3?) 

On the other hand, 

h,j\tfj(Sj+) < \ipxj-i(tj-i)\ + | - ipxj(tj)\ + tMs j+ ) - ^x(Sj-) 

The first two terms on the RHS are already estimated in ([35)1: the third term can be 
bounded by 



3 3 + J 



j+J 



in which the first term may be bounded via (|31jl . Lemma [3.3.31 (b) by 

CA( e A)- 1 / 2+1 /^||0l|U P([Sj _, Sj+]) < C'A 1 / 2 ^)^)^ + e -i/2 A i/ 2 -V(2p) £o)) 

according to the computation in (J33j) . line 3-5. 

The second term, via (J33j) . the initial condition (|3^j) . and (j3~Tj) . may be bounded 

by 



C r// A l/2+l/(2p) e l/2-l/(2p) £ / 

u i - 1 ' 



Summing up, we have: 



I^W^) <0^ 1/2 A 1/2+1/(2 ^ 

(38) 

Comparing with (j3*7|) . we have an estimate for t^.,- as asserted in the Lemma, with 

e(e, A) = C^I^ee + (A + e)^ 1 ^ + eo(A i/2-i/(2 P ) + e i-i/(2 P)))) 

which can be made arbitrarily small by choosing A, e appropriately. □ 



34 



3.4.2 Lemma. For j = 1, . . . , k + 1, 

\- 1/2 Uf 3 e w \\ LP(eyj) + X-'Wm'eJ^e^ < c; e -V»-i/OW 

Proof. Note that since = £ _1 (e M ,, fj) 2 ,t > 0, /j is increasing, and thus the estimates 
leading to (j3*7j) imply that 

H^iU~ ( e M .) < C x e-^X^I^\ 
On the other hand, this and ()31|) yield 

Wfj)'\\L°°i<8> v:j ) < ¥fj\\L°°(e yj ) + W fyj\\L°°{e yj ) 

< C7 2(A i + i/(*) +A 1 / 2 ||£/ i |Uo 0( e w . ) ) 
<C 3 e- 1/2 A 1+1/(2p) . 

These two L°° bounds together with the length estimate for yj - imply the lemma. □ 

3.4.3 Concluding the proof of Proposition f3. 1.31 

Now we have all the ingredients to finish the proof of the Proposition. 

By Lemmas 13.4.11 13.4.21 the t-terms in (|36|) are ignorable as A — > 0: They are 
bounded by expressions of the form 

Ci^e" 1 / 2 + (A + e)e 1 / 2 " 1 /P + £o ( A V2-i/(2 P ) e -i/2-i/(2 P ) + e i/2-i/ P ^ 
which can be made arbitrarily small by requiring, e.g., 

A = A(e) is small enough such that 

A < e 5 , £ E (X) + e (X) < e 3 , and (39) 
e -> 0. 

Applying the comparison lemma 13.2.11 to (|26j) for all i, and adding them to (J28|) 
and (jSSjl for all j, we see that 

||6dk < C^e-^EE + A + 6 + e (l + e -i/2-i/(2p) A i/2-i/( 2p))) « ! 

by the same choice (|39|) . Combining this with Lemma 13.4.11 we arrive at a contradic- 
tion to (J22J). □ 

4 Gluing at Deaths III: the Gluing Map. 

Sections 4.1 and 4.2 finish the proof of Proposition 12.11 (a): by further analyzing the 
Kuranishi map associated to the K-model of last section, we obtain a smooth gluing 
map, which is a local diffeomorphism. We show that this gluing map surjects to a 
neighborhood of the stratum S in §4.2. 

In §4.3, we discuss the minor modification needed to obtain part (b) of Proposition 
12.11 which glues broken orbits at A = to creat new closed orbits for small A > 0. 
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4.1 Understanding the Kuranishi Map. 

In the previous section, we constructed the K-model for the family of deformation 
operators, [K a — > C a ]. According to the discussion in < jl.2.6l this yields a local de- 
scription of the moduli space as the zero locus of an analytic map. In this subsection, 
we analyze this analytic map in more details; this analysis enables us to show that 
the moduli space is in fact (Zariski) smooth. 

Recall that Proposition 13 . 1 . 31 shows that we have decompositions: 

W x = 0Ke B| eWj l L x = 0% © E Wx (W^, (40) 

i 3 

and the (non-orthogonal) projection of L x to the fj direction is given by 

P fj = UjG x , 

where ILj is the projection to the j-th IR-component of W x . By Proposition 13 . 1 .31 P^. 
has uniformly bounded operator norm. However, we need a finer estimate for Pf. to 
understand the Kuranishi map. The next Lemma is a useful tool for this purpose. 

4.1.1 Lemma. (Projection via integration) Let rj 6 L x , and as usual denote 

V L (s) := \\w' x (s)\\^ t (w' x (s), V (s)) 2 , forse fe^O), 7^(0)]. 

Then the projection P^rj is bounded above and below by expressions of the form 

^1/2-1/(2,,)/ rWs-C^A^-^IMIr (41) 

J^j_m - L 

for X-independent constants C%±,C2±- 

In our later applications of this lemma, the second term in the above expression is 
typically dominated by the first term, and hence ignorable. 

Proof. In accordance with the decomposition (J4(J|) . write 

k+l 

r, = E Wx C + J2'jh ( 42 ) 
i=i 

for (li, . . . , i k+1 , f ) G W x . Thus 



, HufiO) /-T«/(0) 

^dsu^C^X'^^l i-\ T ds - \ £~\E w n ds 

v J^} , (o) ~ L At 1 , (o) — L 



Cr l \-i-V<*>( i~\d8- r\E w J T )ds 

v A^ 1 (o) ~ L hzU® 
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(43) 



The second identity above is due to the fact that ^(7^.^(0)) = = Ci(7 u /(0)) : 
writing £l(s) = l(f>w' \\w' ||j t (s), we see from the definition of £ that ^(E^, ££) = 0'. 



Now integrate by parts, using the fact that since £(s) ^ OVs, <p{l u \ (0)) = 
By (jHU) and (j2H), we have 



ChA- 3/2 < / r 1 ds < C' h \- 3/2 ; (44) 
on the other hand, a computation similar to that leading to 1.(47) yields 

r \E Wx fr) r \(s) < ^(^11^11^(7; + l)||(tt„)rlk* + A)||eTlk*(a) < C a ||6rlk*00, 

where m = Uj-\ or «j depending on whether s < lj or > lj. So by the estimates for 
1 1 it;' 1 1 2,t and 7 t 7 < 1 (0) — 7^7^(0), and the uniform boundedness of G x , 

y7»/(0) 

/ ^ (^ ^S <^3|kx 1/2 |lw((7-^(0),7uHO))>c^lkT|k x <C4||7 ? ||^, (45) 

where := 1 -p -1 . Putting IjiSJl. (jSJ), (JEJ) together, we arrive at flUJ). D 

Next, applying the recipe of §1.2.5 to the K-models given by Proposition 13.1.31 
we look for solutions (a,ip ,..., ip k +i, £) &W X ®R® M A:+2 of: 

fc+i fc+i 
P c (d JXx w x + E {x ,w x )(ot,€) + ^2<fiE Wx t Ui +n(x,w x )(a,£ + '^2<PituS) = 0; (46) 

i=0 i=0 
k+l k+l 

P fj (djx x w x + E (x ,w x )(a,^2(pit Ui ) +n i x, Wx )(a,£ + ^2(p i tu i )) =0, (47) 

i=0 i=0 

where P c := 1 — J2j Pfj- 

4.1.2 Lemma. (Solving the infinite dimensional equation) Given 

: = (a, (f ,..., (Pk+i) e R © K fc+2 , TOi/i |<£| 2 := |A" 3/2 a| 2 + ^ |^| 2 < 1, 

i 

njty has a unique solution £(<p), with 

\w x < dX 1 ' 2 - 1 *™ + C 2 A 1/2_1/(2p) |^| + C,X l ~ l/(2p) W\ 2 . (48) 



Furthermore, the solution £(<p') corresponding to another <p' = (a', <p' Q , . . . , y^+i) sa ^~ 
is/ies 

-^')lk x < C,X 1/2 - 1/{2p} \0-0'\. (49) 

The significance of the factor |A| 2 / 3 associated to a in the definition of \<p\ will become 
clear in (J7UJ) . 
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Proof. To apply the usual contraction mapping argument (Lemma 1.2.1) to (|46|) . 
we need to estimate the "error" T and the nonlinear term N, and to show that the 
linearization has a uniformly bounded right inverse. 
In this context, the error JF consists of 

fc+i fc+i 
P c B JXx w x + P C ^2 ¥i E w x *u, + aP c Y {x ,w x ) + P c h(\, Wx ){a, ^ 9%^), 

i=0 i=0 

which we estimate term by term below. We shall drop all P c from the terms, since 
by Proposition 13.1.31 it has uniformly bounded operator norm, and thus only affect 
the estimate by a A-independent factor. 

For the first term, note that ||<9/x A w x IUx * s readily estimated by Proposition ^. 4. II 

For the second term, we claim: 

\\E Wx1 :MU\l x < C\^-^\ (50) 
We shall again suppress the subscript i below. Note that 

£«> x 7>7 = H ~ l ) u 7iH) + Z(u)u^ u ), (51) 

where Z arises from the difference between X\ and X , and hence ^(m)^ < CX. 
Thus, by 1.5.3.1 (2c) and routine estimates, the L x -norm of the second term above is 
also bounded by CX. 

For the first term, note that the length of [7^ _1 (— 7o), 7« 1 (7o)] is bounded indepen- 
dently of A; therefore the L x norm of it in this region is bounded by CX. On the other 
hand, the length of the intervals where I7J > 70 is bounded by C'A -1 / 2 . When s is in 
these intervals, by the computations in ^2.4.2l case (2), ||cx(t4 — l) w 77(7«)lloo < C3A 1 / 2 . 
Together with the length estimate above, we see that the L x norm in this region is 
bounded by C"X 1/2 - 1/{2p) . is verified. 

For the third term, recall the following estimate obtained in the proof of Lemma 

BED 

ll«>Wk < C\\(a,0)\\w x < CX^-^m. (52) 
For the last term in the error, we have: 
fc+i 

\n 



(\,w x )(a,^2^it Ul )\\ Lx ; 

i=0 

fc+i 

<C 2 ^2 (\\ n w x (^Ui)\\L x + \\<XVNtuY(\,w x )\\Lx) + C' 2 a 2 \\dxY( XtWx )\\ Lx + higher order terms 

i=o 
fc+i 

< C 3 J2(M^\ 2 + |a|A-VW| w |) +C s \a\ 2 X- 1 - 1 ^ 



i=0 

2 



< C 4 X\0 
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For the first inequality above, we used the fact that for different t Ui , t Uj have dis- 
joint supports. For the second inequality, we used the invariance of the flow equation 
under translation, which implies 



< Ao (¥»<(«<) 7 ) = V^GM, (53) 

Next, the linear term in (pfUj) is of the form E ' £, where E' is E Wx perturbed by a 
term coming from nn w )(at, Yli=o Vi^u< + &■> which has operator norm bounded by 



fe+i 

c(J2\fi\ + x ' 1/2 \ a \)<c\<f\ 



i=0 

So with the assumption that \<p\ <C 1, E' x is uniformly right invertible as E Wx is. 
So by contraction mapping theorem and the error estimates above we have an £(y3) 
satisfying (Jlgj). 

The estimate for the nonlinear term is not very different from that in Lemma 
12.5.21 which we shall omit. 

Finally, to estimate £ — where £ := £' := £,{<p'), notice that it satisfies 

k+1 

J\ 771 - \ i /_ - /M/ 



^ x (£ - O = -^(X>i - ^ x O + (a - a')Y {Xtl 

i=0 

fc+i fc+i 



i=0 i=0 

Thus, by Proposition 13.1.31 

fe+i 



U-£\\w x < C (^2\tfi - ip'^WE^t^W^ + \a - a'\\\Y {Kwx) \\ Lx 

i=0 

fc+i fc+i 
+ RA^ x )(a,£ + ^^iC«J - n( A)ttx )(«,£' + ^ 



i=0 i=0 



for a A-independent constant C". The first two terms inside the parenthesis may be 
bounded by Ci\ 1 ' 2 ~ 1 '( 2p ' \(p — <p'\ according to (joTIj) and (J32J). The third term, by direct 
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computation and (|53|) again, may be bounded by 

fc+i 

^(lleik + U'\\w x + £(M + \^)\K\\w x + (\a\ + la'DA- 1 / 2 ) ||£ - ?\\w x 

i=0 

fc+1 

+ E (ifclk + IMk + A (N + \^\)\K\\w x + (H + la'DA" 1 / 2 ) 
■ Calkwillw^lVi - Vil 

fc+i 

+ (A- 1/2 (||eik x + U'WwJ + X-'-^Wal + \a'\) + + I^A^KI 



i=0 

• C 4 |a — a' | 
^Cjelie-^ + CSA 1 / 2 - 1 /^)^-^, 

(54) 

where 0<£<1, and we have used (|4*%j) and the fact that \<p\ <C 1 above. Now, the 
first term in the last expression above can be got rid of by a rearrangement argument, 
and we arrive at (|49|) . □ 

Next, substitute back in (}4Tj) to solve for (p. To understand the behavior of 
the solutions, we estimate each term in the Kuranishi map in turn. 

4.1.3 Lemma. (Terms in the Kuranishi map) Let g 1 := 1 — p _1 . Then: 

(a) \P h Bj Xx w x \ < C'X 1 ^ for any j'g{1 H 1}; 

(b) For any % G {0, . . . , k + 1}, j G {1, . . . , k + 1}, 

\P h E Wx t Ui \<C\ 1/q ifj^iori + 1; 
_ c >_ x i/(2 q) > ^(p^) > -C_A 1/(2?) ; 

^AV^^P^^e^J^C+A 1 ^). 

(c) Let £ := £' := £(</?') be as in the previous lemma. Then Wj, 

fc+i fc+i 



1=0 8=0 



<c„a 1/? i<3- 



Proof, (a): Apply (jH)) with 77 = djx x w x . The integrals in the first terms vanish 
because by our definition of pregluing, Bjx x w x has no longitudinal component in this 
region. On the other hand, — CX 1 ^ 2 ^ by Proposition 12.4.11 

(b): Let r] = E w% z Ui in (jflj). By (JSUJ), the second term of (jUJ) (multiple of 
^VC 2 ?) ||^|| L ) contributes a multiple of X 1 ^. If j 7^ i, i + 1, the first term of (jUJ) 
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(multiples of integrals) vanishes, because r\ is supported away from the interval of 
integration. These together imply the first line of (b). 

For the other cases (u = Uj or Uj-i), we shall show that 

rs 1(0) 

±C" < / £^ 1 E Wx z u < ±C (— when u = Uj, + when u = Wj-i). 

A^xW — — L 

This would imply that the first terms of (|41|) is bounded below and above by positive 
multiples of iA 1 ^ 2 "^, dominating the second term. The other two cases of (b) would 
then follow. 

To see this, recall the computation of E Wx z u from (JoTj) . and note that the longi- 
tudinal component of the second term vanishes because of 1.5.3.1 (2c). Thus, 

/■7«/(0) /T«/(0) 

/ i~ x E Wx t = / r\ 1 ' u -\) u 11 { lu ) T 

To estimate the integral on the RHS, note that on the interval of integration, j Uj , r y Uj ^ 1 
are negative/positive respectively. Also, 

\^ l {i u - iKnJ < Ci^ when |7«I < 7o; 

C' 2 X\ lu \ < \Z~\iu ~ 1)«77 L I < C 2 A| 7u | when 7o < | 7u | < e^A" 1 ^; 
CM' 1 < \t~\i u - 1)^1 < CM" 1 when | 7u | > e^A" 1 / 2 ; 

Furthermore, when | 7u | > 7o , the sign of ^ _1 (7« — 1) the sign of 7n . Thus, 

the contribution to the first integral from the two regions where | 7u | > 7 o is bounded 
above and below by expressions of the form 

sign( 7u )C£ / A 7 ( 7 ')- 1 rf 7 + / T'dT'dl). 

By our estimate for 7 ' in section 2, this is in turn bounded above and below by 
sign( 7u ) C, where C > is a A-independent constant, and the sign is — when u = Uj\ 
+ when u = Uj-\. Meanwhile, the contribution from the region where | 7u | < 7 o is 
bounded by C'X; therefore ignorable. In sum, we have the claimed estimate, and 
hence the assertion (b). 

(c): Let 7] = n ix , Wx )(a, £ + E?=o ¥>»0 ~ ™(A,«, x )(a', C + E;=o ViO in CDJ- The 
second term in it, by (JH3|) and are bounded by CA^^A 1 ^ 29 ^ — <£'|. On the 
other hand, by Holder inequality and the same direct computation that appeared in 
the end of the proof of last lemma, the first term of (}4~Tj) can be bounded in absolute 
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value by 

cx 1/{2(l) ( In ~ ri\ ( A (l^l + Iril) / rl II (*)4h** 
K i v Au^ x (o) 

/■7«/(0) v 

+ (|a| + |a'|) / t^uj-y 

+ (iieiii^ + ne'iiw-^) (ii^ - e'liw^A-v^+v^ + 2^ - ^iik- 1/2 (^-)^ii — , 



i ^7llL«(( 7 ^_ 1 (0), 7 ^(0))x5i) 



+ a — a 



-n/l ll/'- 1 /2| 



^((7^ 1 (0), 7u ~ 1 (0))) / 



+ |a - a'| (|a| + |a'|) / i' 1 ds + > + |^'|) / ^(VLds 



+ IIC-e'lk x (X)(l^l + 1, "^7llw((7^_ 1 (o),^ 1 (o.i..v', 

i 

+ (I«I + I« , |)ll rl/2 H^((7^ 1 (0)<(0)))) 



< C 3 A 1/9 |^-^'|. 

In the above we again used (|49|) . the estimate for I in Lemma E!Si21 and the estimates 
for j u . and a x in section 2. Summing up, this gives us assertion (c). □ 



4.1.4 Constructing the gluing map. 

It follows immediately from the previous Lemma that the linearization of the Kuran- 
ishi map is surjective, and hence the moduli space is (Zariski) smooth. More precisely, 
choose 

Q x := Span{e Ul , . . . , e Mfe+1 } C K x Q s := [jQ x . 

x 

The reductions of the K-models [K x — > C x ]w' , [K x — > C x ]w' by Q x give respectively 
the standard K-models for E Wx and E(\ )W y. 

[keiE Wx -> *] Qx ®w£, [ker E (x>Wx) -> *]q x ©^- 
Indeed, from Lemma f4. 1.31 (b) we see that the (A; + 1) x (k + l)-matrix E = (Eji), 
Eji := \~ 1/i2q) P fj (E Wx z u J, i,je {!,..., k + 1} 
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is, up to ignorable terms, of the form 



/ - \ 

+ - •■• 



(+/— denote positive/negative numbers of 0(1).) 



+ '•• ••• 

; o '•. '•. ; 
V o + - / 

Thus, it has a uniformly bounded inverse, denoted (Cry). Restricted to Q x (i.e. setting 
a = ifo — 0), (|%7|) can be rewritten in the form 

0=^/(0), where (p := (ipi, ... ,<fk+l), (55) 

and \& : IR fc+1 — > M fc+1 is the map given by 

fe+i fc+i 

3=1 i=l 

Note from the uniform boundedness of (Gij) and Lemmas 14.1.21 IHHSl (a) that 

l*(o)| < J2c^ 1/{2q) (\PfAx^x\ + IK x (£(o))lk) 

< c 2 x-^\\^ + U(o)\\ 2 w x ) (56) 

< C' 2 \ l/i2q) < 1. 

On the other hand, Lemmas 14.1.31 (c), 14.1.21 and the uniform boundedness of (Cry) 
again imply: 

- < K\<p - <p'\ for a positive constant K < CX 1/{2q) < 1. 

Thus by the contraction mapping theorem, we have a unique solution of (|55jl among 
all small enough 

To summarize, for sufficiently small Ao > 0, there is a universal positive constant 
C w , such that for all x £ there is a unique 

+ |<^x| 2 - 

which solves (l4*6|) . (jUJ). In fact, the solution satisfies 



H£x + £ <p x **h\\w x < Ux\\w x + cy x \ 2 < CX^, 

i 

because of (EHJ) and (gHJ). 

We define the gluing map to be the map from S(§) to Aip sending 

fe+i 

X i-> exp (w x , £ X + J2 Vx,< e «i) • 
i=l 
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4.2 Surjectivity of the Gluing Map. 

With the gluing map constructed above, the standard arguments outlined in £ 11.2.71 
shows that it is a local diffeomorphism onto .M p(x, z) H U £ , the intersection of the 
moduli space with a tubular neighborhood U £ of the image of the pregluing map, in 
B '-topology. 

As our goal is instead to show that the gluing map is a local diffeomorphism onto 
(the interior of) a neighborhood of § C .Mp + (x, z) in the coarser chain topology, we 
need to show that the latter neighborhood in fact lies in U £ . This is done via the 
following variant of decay estimates for flows near y. 

4.2.1 w in terms of w and £. Let (X,w) G M.p °' A °' ) ' 1 (x, z; wt_(y) jep < 3?) be in 
a chain topology neighborhood of § C .Mp + (x, z). Namely, |A| <C 1, and there is a 
broken trajectory j> '■= {uo,ui, . . . ,Uk+i} G S, which is close to w in chain topology. 
Let x '■= (X) A) S(S). We may find a representative iu of w, such that: 

w(s) = exp(w(s),f(s)), 

where u>, w) are chosen such that: 

• w(s) — y at s — ti, . . . , [fc+i; li < ^ < • • • < h+i subdivide R into /c + 2 open 
intervals /j, i = 0, 1, . . . , k + 1; 

• w(s) = Ui(^j u (s)) over Jj, where 7 U . : Ij — > R are homeomorphisms determined 
by: 

(n ey ((s) = n ey ((s) for a g UIt^M^C-to)], f57 , 

Vft» = l for^M\U ! [7 tt - 1 1 (7o) ) 7 u - 1 (-7o)], 

with (, ( given by w(s) = exp(y,((s)), w(s) = exp(?/, £(s)), and 70 the large 
positive constant in §2.4. 

7^(0) = 7^(0)5 ((«o) 7 (0),7if(0)>2,t = 0. (58) 

Because of elliptic regularity and the fact that (\,w) is close to § in chain topology, 
we may assume without loss of generality that 

IlK^lloo,!,* + HfOOIki,* < e \Js for |A| 1/2 < e < 1; 
7,7/(0) - 7^(0) > e- 1 Vj G {1, ...,&+ 1}. 

4.2.2 Estimating £. Because of the large weights near y, we need the following 
more refined pointwise estimate for £ near y. 

Lemma. Let (A, w) G .Mp 6e c/ose to § in chain topology, and let y be a death as 
before. Then A > 0. Furthermore, in the notation of §4-2-1, there is a small positive 
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constant Eq = £o(7o \ £ ) independent of w, such that 

U(s)h,2,t + U'(s)hi,t < e (\\U ey as)\\l lit +\X\) Vs G |J [7^(70), T^(-7o)]. (59) 

i 

Proof. Let s G Uj [7u/_i (7o); 7m/( — 7o)] throughout this proof. In fact, it suffices to 
consider only one j. 

To estimate £, it is equivalent to estimate ( — (, which we denote by c. The 
assumption (JSTj) implies that c G ker Ay. 

Write b := HkerA y (, and let Z : ker A y — > kerA^j- be such that £ = (1 + Z)i). 
Similar to 1.(38), 1.(39), the flow equation can be re- written as: 



dc 



= + V b Z)(\C' y e y + Tl kevAy n {0ty) (\, ( + c)); (60) 

(/ A/C + (1 - n kerA!/ - v b zn ker aJ(^(o,j/)(a, c + c) - %(c)) - ^bZ{\c' y e y ). 

(61) 

Taking the L^-inner product of (|6*T|) with c and rearranging like the proof of Sublemma 
1.5.1.7, we get (adopting the notation of 1.5.1) 

' /|l '' +lkt >^ + || C+ || 2 , t -e + ||c|| 2it -C + |A|||C||2,M, 



ds 
d\\c-\\ 2 ,t 



< -//_||c_|| 2 ,t + e-||c|| 2 ,t + C_|A| 



2,l,t- 



ds 

Subtracting a suitable multiple of the first inequality from the second, one obtains: 

(||c_|k* - e-llc+lb,*)' < -lt-\\c-h,t + C-7o _1 |A|; 

Taking convolution product with the integral kernel of d/ds + //_ on both sides, one 
gets 

llc-IU, - e'_||c + || 2 , 4 < C-ee-^-^-i^ + C^Al, 

and similarly, 

|| c +||2,t — e+||c_||2,t S L-+^e + o + 7 |A|. 

Adding the above two inequalities, we get 

\\c\\ 2 ,t < CeU'^'^i-^ + e -^(.-To)-')\ + C'^IAI. 

This may be improved to give a similar estimate for ||c|| 2i i^ using ()61)1 by the same 
elliptic bootstrapping and Sobolev embedding argument as in 1.5.1.7. 
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On the other hand, write b(s) = b(s)e y as usual, and notice that by taking n ker A y 
of (|6L)p. b(s) satisfies: 

-b'{s) = \C' y e y + n ker Ay n m {K C + c). (62) 

Integrating this equation, it is easy to see that A < would contradict the fact that, 
due to the proximity of w and w, 

6(7^(70)) > 0, 6(7^(-7o)) < 0, 7^(7o) < lu-(-lo). 

Thus, A must be positive. 

On the other hand, as A > 0, (}6*2"|) implies that b(s) decreases monotonically with 
s. We now claim that 

£-^-7^(70)) + e -M'(7«/(-70)- S ) < Ce {b(sf + |A|). 

Combined with the above estimates for c, this would then imply the second assertion 
of the Lemma. 

To prove the claim, note that by symmetry and the decay/growth behavior of the 
two terms on the LHS, it suffices to show that 

b\s) > C ie - M ' ( ^ 1( - 7o) - s) when -1 < b(s) < -|A| 1/2 ; 
k\s) > C 2 e- M ' (s -^ {70)) when 1 > b(s) > |A| 1/2 

for s-independent constants C\,C2- We shall only demonstrate the second inequality 
since the first is similar. When b(s) > (A) 1 / 2 , (f6*2*j) together with the above estimate 
for ||c|| 2 ,i,t imply that 

(6 4 )' > -/i'6 4 - C b e 4 e-^' {s -^^ o)) . 
Taking convolution product with the integral kernel of d/ds + /i', we get in this region 

k\s) > C & e'^ {s -^ (lo)) - C 7 e 4 e- V(s -^-i (7o)) , 
and hence the claim. □ 

4.2.3 Prom w to w x . Next, notice that w differs from the pregluing w x by a 
reparametrization. We shall estimate the difference between w and w x by estimating 
the difference between and 7~ 1 . 

Similar to j Ui (see §2.2.1), j Ui satisfies: 

(«7(7u j ),-(7i i - l )^i{lui) + >>Y(o,w) + Eu,i+n(\,i)J = 0, 
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where n is some nonlinear term in A, £. By ()57|1. when 7 Ui (s) > |7o|, 

ikT(T«jii^ 1 i<^(7«j,^l r +n(A,e)>2,ti < ^(iifii^+iie'iu^/^+^sCiieiu^+A) 2 . 

Write 7A )Uj = j Ui in (fTTj) to emphasize the parameter A used in the definition, and 

let 

Comparing the defining equations for 7^. and 7A, Ui , and using (foT?|) and the above 
estimate for II^TuJII^t \{ u i{%i)i Ewi+h(X,^)} 2 ,t\, we find that for all i G {0, . . . , fc}, 



|A Sji ( T+ )-A S) i( T _)| < 

fj°(0(e) + 0(\))d 1 



< C x e 



rC 7 (£ 7 (H 7 1 + (A + f 4 )V)d7 



J ti 



C 5 ( £ 7(A+7- 4 )+(A+7~ 4 ) 2 7 2 ) <*7 
(I+A7 2 ) 2 



< C 4 € 



when < 7+, 7_ < 70; 
< C 6 e when 70 < 7+, 7_ < t,; 
when 7+, 7_ > tj. 



(63) 



Similar estimates hold for negative 7+, 7_ when i G {1, . . . , k + 1}. For i = and any 
two negative 7+, 7_, or for i = k + 1 and any two positive 7+, 7_, the estimate in the 
first case above holds. 

Combining this with the initial conditions from ()58|) : 

A S)0 (0) = 0; A Sji _!(oo) = A s>i (-oo) Vi G {1, . . . , k + 1}, 

we have 

|A S) j(7)| < Ce V7, % for a A-independent constant C > 0. 
Applying the the mean value theorem and the estimate for w' x in (J2*U|) . and recalling 
the assumption (J5SJ), we see that w = exp(w x ,£ x ) for an £ x with: 

(( Mo )7,(0),(7- 1 )*4(0)) 2 , = 0; 

||4l| 2 , 1>t <C"(A + s 7 - 2 ) on h n (J ^(Tb), 7^(-7o)] Vi ( 64 ) 

i 

4.2.4 From pointwise estimates to W^ x estimates. Recall that our goal is to 
show that given (A, w) G M.p in a chain topology neighborhood of §, as prescribed 
in §4.2.1, we may write 

(A, w) = e(A', w x r, a x /, Cx') for some X = (x, A') G S(S), x : = {«o, • • • , Mfc+i}, (65) 
with (a x ',£ x /) satisfying 

(1) IIK'^xOII^, < Ce- (2) (oy,^) G £ x „ (66) 

where C is a A-independent constant, and _B X / is the B-space chosen so that [ker E^y 7 w x ,) 
*]b , forms a K-model for E(\/ jW ,)■ 
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Lemma. Suppose the (ot x ',£ x ') 9^ ven i> n WW satisfies 
\a x ,\ < C'X 3/2 e; 

Ux'hu < CJ(A + e 7 ' 2 ) on k n |J [7^(70), T^ 1 (-7o)] (67) 

i 

for X-independent constants C',C'g. Then \6b\l) holds. 

Proof. First, notice that the assumption on a x > implies ||(a x ', 0)||^ i < CiA 1 ' 2-1 ^ 2 ^. 
On the other hand, the assumption that (A, w) is close to x' m chain topology implies 
that over 6 C := 9\ U i [7«/_ 1 (7o), 7«/(-7o)] x S 1 



n 



\\£x'\\w x ,(e c ) < C2||^x'IIl?(0 c ) — ^36 for A-independent constants C 2 ,C 3 . 

Thus, it remains to estimate ||£x'llw (70) 7u 1 (-7o)]x5 1 )- We snan focus on esti- 

mates on the region py" 1 (70) , 7~ 1 (oo) ) x S 1 for an i G {0, . . . , k}, since estimates on 
the rest are similar. 

By the definition of 7^, on this region the flow equation has the form: 

(djx x ,w x/ ) Tw +E {x > >Wx , ) (a x r,£ >x ,) + n (A>x ,)( a x'> £x') = °- ( 68 ) 

(T w here means the transverse component with respect to w' x ,, in contrast to T y 
below). 

Subdivide the region again into [7,7/ (tj), 7,7/(00)) x •S' 1 an d the res t- 
Over the first region, namely when ^y Ui > t,, in place of £ x > and its W^-norm, it is 
equivalent to estimate 

£0 := T Wx ,,y£ x , e T(y*K) in the norm 
Il6|| w v (A / )- 1/2 Heo||p,i + (AO^IK^^Hp, 

where (£0)1^(3) = (e y , Co{ s ))2,tG y is the 'longitudinal direction with respect to y\ 
Notice that e y differs from the original longitudinal direction T Wxl ^ s - ):y w' x ,(s)\\w' x ,(s)\\2^ 
by an ignorable factor of C(A'/e) 1//2 . Let the transversal direction T y and the Lg'-norm 
be similarly defined. 

Rewriting the flow equation in terms of the above transverse and longitudinal 
directions, we have: 

Ey{CoT y ) = -OL x '{T Wx ,,yY^x,w x ,))T y - ( T w x ,,yn(\>, Wxl )(a x >,£ x >)) Ty + Z Ty + T Ty ; 

EyiioLy) = -^ X '( T w x ,yY(X,w x/ ))L v ~ (T Wx , ,yfl^' ,w x ,) (® x > , £ x >)) Ly + Z Ly + T Ly , 

where: 

• Zt v , Zl v come from the difference between E y and E w , . Thus, their Lf t -norms 
are bounded by C , ||£^|| 00) i/y-. 1 ; 
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• TV, T i are terms coming from (djx x ,w x ')T w - The computation in £ 12.4.21 shows 
that ||Ty B ||2,i,t is bounded by CiX'j' 1 , while HT^I^.i,* is bounded by C 2 A'7~ 2 . 

Now, the length estimate for b^HO, 7~. 1 (oo)) X S 1 (cf. (|2ip) and the assumption 
(jgZD yield 

(AT 1/2 (ll^|| L P ([7 -i( Cl ), 7 -i (oo ))x5i) + ll^o|lLP([ 7 -i( ri ), 7 -i(oo))x^)) ^ C"(A') 1/2 " 1/(2P) <£■ 

In addition, the second line of (jp^|) and the above estimates for terms therein, com- 
bined with ()67|) and the length estimate for this region yield 

(A0- 1 |I^JL P([7 - I(ti)l7 - M )xs 1 ) < ^(A') 1/2 - 1/(2p) «e. 
In sum, we have 

ll^x'llw- x ,([7^ 1 (t i ),7i i 1 (oo))xSi) ^ ^ill^ilw^'c^^^Coo^xSi) < £ - 

To estimate on the second region, namely on [777/(70), 777/ (tj)] x 'S' 1 , ^ A + ( s ) be a 
smooth cutoff function with: 

• support on [7-/(70) - 1, (1 + e)j£(ti)] = : 

• value 1 over [7^/(70), 7u/( r i)L and 

. |(#)'| < CAV2 on [ 7 -i( ti)) (i + e ) 7 -/(r,,)]. 

Notice that (777/)*(/3/£ x ') G W^., and since ii^lw^. an isomorphism, we have from 
Lemma f3.2. II and that 

HA + £x'IK, < ll^ x (A + £x')IU x , 

< IMI/^(A> x ,)lk x , + Wt{djx x ,w x ')T w \\ Lx , + \\frn {x , iWxl) (a x ,,£ x/ )\\ Lxl + \\(^)'Cx'\K, 

By the assumption (Jo"7j) and the length estimate It^O^) — 777/(7o)| < C'(A') -1 / 2 , we 
may bound each terms on the RHS as follows: 

• The first term may be bounded by C\\ A'] 1 / 2-1 /^). 

• The second term is already estimated to be small in Proposition 12.4. 11 

• The computation in the proof of Lemma 12.5.21 shows that 

IIA + V^ x o( a x'^x')IU x , 

< C B (||(<v,0)||J r# + \\(a xl M\wMZAw x , + \W l J%'\\L^e g+ )W^'\\w x/ ) 

< ^(^(lA'lV 2 - 1 ^) 2 + C 2 (|A'| 1/2 - 1/(2p) + ey? + A 1/2 )||A + ^lk x ,)- 

• By the defining properties of f3f , 

\myiAL x ,<c"\\'\ i/2 - i/{2p) . 
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Collecting all the above and rearranging, we obtain 

ll^'IU x ,([ 7 ^ 1 (7o),7iI i 1 (^)]xSi) ^ °i £ - 

Now that we have the estimates for the W^-norm over all the various regions, we 
conclude ||£ x '||vk , < Ce, and hence the claim of the Lemma. □ 



4.2.5 Concluding the proof of Proposition I2.ll (a). Recall from §4.1.4 the 
K-model for E(\i >w ,y. [ker E(\> tW ,) — > *]b where B x > was chosen to be the following 

subspace of W x > : 

B x > = ((0,e x ') ((«o) 7 (0), (7^)*ex'(0)) 2> t = 



Thus, setting A' = A and \' — Xi ( a x''£x') = (Oj£x)' anc ^ £x can ^ e expressed in 
terms of £ x (cf. §4.2.3) and £ (cf. §4.2.2). In particular, by (J58)) and the first line of 
(16411 . (|bbl2) holds. On the other hand, combining Lemma 4.2.2 and the second line of 
(I64J) . we see that the assumption (jBTfl holds, and therefore Lemma 4.2.4 implies the 
validity of (JUS I)- The arguments in £ 11.2.71 then complete the last step of the proof 
of Proposition 12.11 (a) . □ 



4.3 Gluing Broken Orbits. 

We now discuss the modification needed for the proof of Proposition 12.11 (b) . 

Given a broken orbit {ui,v,2, ■ ■ ■ ,Uk} connected at y, and an A G (0, Ao), the 
pregluing w x associated to % — u 2 , ■ ■ ■ , u k }, A) G H(S) is given by 

w x = m. x , 

where w_ x is given by the same formula (fTTj) . except that now % G {1, . . . ,k} only, and 
instead of taking values in R, s now takes value in M/T X Z, where 

T x := tk+i- 

With this explained, the material in sections 2 and 3 transfers directly to the 
case of broken orbits, but the discussion in §4.1, 4.2 above requires the following 
modification. 



4.3.1 Constructing the gluing map. At a closed orbit (A, (T, w)) G = A x B , 

the deformation operator is -D(a,(t») : M Q © M e © V\(w*K) — > L p (w*K), 
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namely, it is a rank 2 stabilization of D w (cf. §3.3.1). (R a , WL e above respectively 
parametrize variation in A and in the period T). In our context, this operator is a 
map between the weighted spaces 

W x := W a © WL g © W x and L x . 

Let K x = Span{e Ui }f =1 , C x = Span{fj}^ =1 . The analog of Proposition 13.1.31 shows 

that [K x — > C x ] forms a K-model for D w% , which induces a K-model for D(x,(r x ,w x )) 
by stabilization. 

However, since s is now periodic instead of real, the matrix A _1 / 2+1 ^ 2p - ) (Pf D Wx z u .) 
is no longer (approximately) triangular, and hence not clearly uniformly invertible. 
Consequently, it is no longer clear that, with the choice of Q x in §4.1, reduction by 
Q x gives another K-model for the deformation operator. Instead, use the following 
subspace Qo,x c W x : 

Qo, x — Kq, © * © SpanKJ^ 1 . 
Note that from (J52|) and the uniform boundedness of Pf. that: 

C a -A 1/2 - 1/(2p) < X 3/2 P h d x 6 Xx {w x ) < C a+ X 1/2 - 1/{2p) for A-independent constants C a ± > 0. 

Supplementing Lemma T4. 1.31 (b) with this additional estimate, we see that the matrix 
representation of the operator 

\-1/2+1/(2p)tt n l 

with respect to the bases 

{ (A 3/2 , 0, 0), (0, 0, d), . . . , (0, 0, c fc _0 } , {fi, . . . , f fc } 

is, modulo ignorable terms, of the form 

/ + - •■• \ 
+ +-00 

+ o + ••. ; 



(+/— denote positive/negative numbers of 0(1)), 



V + •■• + J 



which is easily seen to have a uniformly bounded right inverse. Thus, the rest of §4.1 
may be repeated with Q x replaced by Qo,x to define a gluing map in this case, which 
is also a local diffeomorphism. 
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4.3.2 Surjectivity of the gluing map. As the choice of Q x > is changed, the 
definition of the -B-space B x > changes accordingly. In this situation, 

By, = {(«',o,e x o I ((«*) 7 (o), (7^)*ex'(o))2,* = 0} c w x , 

(Note that in the case of broken orbits, i G Z//cZ, thus Uq = The work in §4.2 
needs corresponding modification. 

Given a (A, (T,w)) G M.q close to the broken orbit {iti, . . . ,iik}, one may define 
w and 7 Ui in essentially the same way as §4.2.1, and the estimates in §4.2.2 still hold. 
However, for x — ({^1, . • • , A), the period T x of the pregluing w x differs from 
those of w or w. Thus, instead of comparing with w x , we compare wortii with w x >, 
where \' — ({^1, ■ ■ ■ , A'), and A' = A + a' is chosen so that the period of uy 
agrees with the period of w (which is also the period of w). With this choice of x'-> 
the assumption ([58)1 . together with the definition of B x * above, imply ()6612). 

Moreover, the length estimates in §2.2.1 show that 

C-\- l/2 <T X < C+A- 1 / 2 ; 

combining with the estimate for the difference in periods of w and w x given by ([63)1 . 
we have: 

\a'\ < C\ 3/2 e. (70) 

For such A' = A + a', the difference 7^", u . — t^ 1 satisfies estimates similar to 
Thus, f!67|) holds for this choice of x'i which in turn implies (1661 1). via Lemma 4.2.4. 



5 Gluing at Births. 

The purpose of this section is to prove Proposition 15.11 below. The proof is in many 
ways similar to the proof of Proposition ^. 11 but simpler in Step 2, since here we glue 
only a single flow line, and the generalized cokernel is this case is trivial. 

5.1 Statement of the Gluing Theorem. 

The next Proposition verifies part of (RHFS2c, 3c) for admissible ( J, X)-homotopies. 

Proposition. Let (J A ,X A ) be an admissible (J, X)-homotopy connecting two regular 
pairs, and x, z be two path components of V A \V A ' deg . Then a chain-topology neigh- 
borhood of JJp(A, x, z; 3?) in Xip' 1,+ (x, z; wt_(y) >ep < 3?) is l.m.b. along Jp(A, x, z; 3?). 
Furthermore, H\ maps these neighborhoods to birth-neighborhoods. 

We shall restrict our attention to u G 7W PA ((x, [w]), (z, [v]))njp(A, x, z; 3?), where 
one of x\ and z\ is a death-birth, and gr + ((xA, {z\, [v\])) = gr((x, [w]), (z, [v])). 
The other cases follow either from standard gluing theory or structure theory of 
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parameterized moduli spaces, since the flow lines decay exponentially to the critical 
points in these cases. 

Without loss of generality, assume as in sections 2-4 that A = 0, that z\ = y is in 
a standard death-birth neighborhood, and that the (J, X)-homotopy is oriented such 
that C' y > 0. Under these assumptions, a birth neighborhood is (— Ao, 0) C A, for a 
small A > 0. 

Our goal is thus to construct a gluing map from S(S) to Xip 1 ^, z; wt_(y) ;ep < 9ft), 
where 

S = M p fi (x,y]wt- { y) tep < 3ft); S(S) = S x (-A , 0) for a small A > 0. 

We shall again focus on a single u G S, since in this case § also consists of finitely 
many isolated points. Notice that when xq = y, u can be the constant flow at y, y. 
The argument required for this case is somewhat different from the other cases. We 
discuss this case in §5.3, and the other cases in §5.2. 



5.2 When u^y. 

Assume without loss of generality that xq ^ y is nondegenerate, so that we may 
concentrate on the region where s > 0. 

5.2.1 Pregluing. Let x '■= (A, w) G S(S) as above, and let iibea centered repre- 
sentative. Write 

u(s) = exp(y, (J,(s)) for large s, 

and as in 1.5.3.2, let 

y X - = exp(y,T] X -) G V x 

be the critical point near y of index ind_(y). Note that (e y , fj)2,t( s ) > is a decreasing 
function for large s, sending (s ,oo) to (C, 0) for some positive numbers s ,C. Since 
(e y ,T]x-)2,t is a small positive number, it equals (e y , /i(s))2,t f° r certain large s = j\. 
From the estimates in Lemma 1.5.3.2 and Proposition 1.5.1.3, we have 

C\\\- 1 ' 2 < 7 X < C'\\\- 1 ' 2 . 

Let R < 7 X — 1 be a A-independent large positive number such that u(s) is close 
to y for s > R, and set R± = ±C |A| -1 / 2 for some A-independent constant C > 0. 
Define u x G r((-oo,7 x ) x S\p*T f ) by 

_(e R _ iR+ (0,u;X,0) when s < R/2, 

UX{S) : " jexp (y, /i(s) + (5{s - R)Yit rAy Vx-) when s > R/2, ( " ' ? 

Lemma. There is a function 7 x (s) defining a homeomorphism from R to (— oo,7 x ) 7 

(w x (s), (9 Ji x A u' x (s))2,t = 0; w/ien s G [t'^O), oo); 2 
1 otherwise. 
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Proof. Write = /i( 7x ), where 



2 



fc( 7 ) := 



((u x ) 1 ,djx x ( y ux))2,t\\( u \)i\\2,t when s e [7 i(0),oo); 



X 

otherwise. 



We now examine the behavior of djx x ux(l) near 7 = 7 X . Here since u\ is close to 
yx-, expanding djx x about y\_ and writing exp(yx-, fJ>\(j)) = u x(l), we have: 

T Ux>yx _djx x u x {l) = (//a) 7 + A/a-^a + n yx _(fi X ). 
By definition, (i\(y x ) = hence /i(7 x ) = 0. Thus, 

Hi) = (MM,T yx ^ Ux A yx _T y - x l Ux ((>r x - 7 )(M 7 (7))) 2 JIM 7 (7)II 2 J 

+ 0(|7 x -7| 2 |IM 7 (7)l| 2lM )- 

By the estimate for minimal eigenvalue of A yx _ in 1.5.3.2, this is bounded above and 
below by multiples of lAl 1 ' 2 ^ — 7). Integrating like (fTKJ) . we see that for large s 

C' b e~W 2s < 7x - 7x < C 5 e- c ^l 1/2s , (73) 

while on the other end 7 x (s) = s + ca for some constant cx- We define 7 X such that 
7 x (s) = s for s < 0. □ 

Definition. The pregluing w x corresponding to gluing data \ = (A, it) is 

w x ( s ) ■= u x (j x (s)). 

5.2.2 The weighted norms. The norms W x , L x here are defined by the same 
formulae in Definition 12.3. 1[ with the weight function o~ x replaced by 

[KfrxWlC when S < 7 - 1 (0), 

UK^x 1 ^))!!^ 1 when s > -f x \t x ), 

where r x = t x (A, e) = C T (\/ e)~ l l 2 < 7 X is chosen such that 1 — h(s) < e where s < x x 
for a small positive number e. 

We shall frequently call on the following useful 

Facts, (a) In this case 7' < 1. 

(b) ||n^, ryl r/^_||2,2,* < C|A| by 1.(55), Lemma 1.5.3.2, and the decay estimates in 
Proposition 1.5.1.3. 

(c) o x < C|A| _1 . 

In particular, Fact (b) often implies that in addition to estimates analogous to those 
in the proof of Proposition 2.1, the extra terms introduced by the cutoff function (3 
in the definition of ux is usually ignorable. 
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5.2.3 Error estimate. Proceeding to Step 1 of the gluing theory, we have: 
Lemma. \\d JXx w x \\ Lx < C\ l ' 2 - l l {2p \ 

Proof. Consider the two regions (a) 7~ 1 (— < s < r y~ 1 (R), (b) 7~ 1 (-R) < s < oo 
separately. The point is to expand djx x w x (s) = 11^, (9j// a ma(7 x (s))) differently in 
the two regions: expand u\ about u in region (a), and about y\ in region (b). 

In region (a), modulo terms coming from /3(y x — R)Yl^ eTAy r]\_, the estimate of 
the norm is entirely parallel to that in Proposition 12.4. Il The time w x spends in this 
region is 

7x 1 (fl)-7x 1 («-)<c'|Ar V2 ; 

the L°° norm of a x djx x w x can be estimated as in Case 1 of Proposition 12.4. il with 
7o replaced by R. 

On the other hand, since o~ x has a A-independent uniform bound in this region, 
and the Lf-norm of the contribution to djx x w x from the extra terms introduced by 
Pn^erAyVx- can be bounded by C||II^ r Ay T)x- 1 1 2,1,* < C'| Aj , the contribution from these 
terms to Hcx^^a^xIIp ^ s thus bounded by C|A|. 

For region (b), w x spends infinite amount of time here; however 

Uf Uxh djx x u x (-f) = Uf Uxh (^5j)T yx _ !Ux A yx (T yx _ >Ux )-\u x ) y (j)) 

,u x ) { u \)l m), 

where £7 := 7 X — 7; 7 < 7 < j x . On the other hand in this region o~ x (s) < C|A| _1 . 
Thus by Lemma 1.5.3.2, on this region ||a x <9/x A w x || P is bounded by C'||(<57)||p|A| 1 / 2 < 
C"|A| 1 / 2 -V(2p) ) since ^ < C 5 e~ c ^ 1/2s by (JZ3J). □ 

5.2.4 Existence and uniform boundedness of the right inverse G x : L x — > W x 

of E Wx . We now proceed to Step 2 of the proof. In this case W' x C W x is 

W' x := {(Glf x | (^(0),^(7 x 1 (0))) 2 , t = for all v G ker 

and we aim to show that there is a uniformly bounded isomorphism G x : L x — > W' x 
which is a right inverse of E Wx . Assume the opposite, that there is a sequence {£a G 
W x }\ satisfying 

Ux\\w x = l; 

\\E Wx L\\l x =: e E (X) when A 0. (74) 

Divide = R x 5 1 into two parts Q u , O y _, separated by the line s = 7~ 1 (t x ). Let 
& v := (-oo^Og + 1) x S 1 D Q u , 6' := ^(t* - l),oo) x S 1 D 9,_. 



55 



On 6^, we define G T(u*K) by 

T u ,u x £\Alx( s )) = £a( s )- 

Let (£\,u)l be the projection of £a,« to the direction of it' and let (£a,u)t = £,\,u — (£x,u)l- 
Let /3 U be a smooth cutoff function supported on 7 X (6^) with value 1 on j x (Q u ). 
Arguing as in the proof of Proposition I3.1.3[ one obtains: 

HCa||w x (6„) < C\\^x,u\\w u (y x (e u )) 

< C'\\f3 u E u £x,u\\L u (-y x (e> u )) + C\\P'u(£\,u)T\\L u ( lx (e> u )) 

< C'(l + 2e)\\E Wx (^)\\ Lxm + C"(e + |A| 1/2 ) ||£ a ||h/ x + C\\(3' u (^ u ) T \\ LMe/u)) 
<2C'e E + C"{e+\X\ 1 / 2 ) + Ce . (75) 

(Note in comparison with (|25|). the 2nd term in the 3rd line above has a worse factor 
of | A| 1,/2 instead of |A|; this arises from the difference between u and U\.) 
On the other hand, on Q' y _ we consider £,x,y- £ ^(V\-K) defined by 

Let e yx _ be the unit eigenvector associated with the minimal eigenvalue of A yx _ , which 
goes to e y as A — > 0. By 1.(57), e yx _ differs from T Wxtyx _w' /\\w' \\2,t{s) by OQAI 1 / 2 ) 
for s e Q' y _. Let 

and (£a,j/-)t = £\,y- ~ (£\,y-)L- The above observation about e yx _, together with the 
fact that in this region o~ x is bounded above and below by multiples of |A| _1 imply 
that to estimate ||£||w x (e,,_) or U\\ Lx (e y -), it is equivalent to estimate U y -\\ Wy -(e y -) 
or U y -\\ Ly _(e y .), where 

ii^-ik,- := lAr^ii^-iUi+iAi^iK^iu Uy-h v . := lAr^ii^iUi+iAr 1 !!^)^ 

We have a refined version of Lemma f3.3.1l in this case: 

Lemma. (Refining Floer's lemma) Let £\ be as in J7^| ). Then for all sufficiently 
small X, 

|Ai 1/(2p) ||^-||^(e;_) + mx,y-)L\\ L ™ { e>_) < ^o(A)|A| 1/2+1/(2p) , 
where Eq(\) is a small positive number, with Hhia^o £o(A) = 0. 

Proof. The estimate for ||^A,y-||L°°(e'_) follows easily from the argument for Lemma 
13.3.11 The longitudinal component has a more refined bound because it has a better 
bound on the Sobolev norm. Let 

&(t) := A - 1 / 2 - 1 /^) (a,,-) f (A- 1 / 2 (r + s x )) over [1, oo), 
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where S\ are constants chosen such that A 1 / 2 (1 + s x ) = 7 x 1 ( r x — -0- Then by ([74)1. 
Il^xlkf ([1,00)) i s bounded (note the rescaling contributes a factor of (A) -1 ^ 2 ^ to the 
L\ norm). Thus (again after possibly taking a subsequence) q\ converges in C to 
and s\ so. <fo satisfies an equation of the form 

^ + X % = 0, where x ~ C x + C 2 e^' T . (76) 
ar 

(The assumption of being in a standard d-b neighborhod is used to simplify the 
differential equation above. Notice also that (£a)t does not appear in this equation, 
because by the Lf estimate for £a ; its contribution vanishes as A — > 0.) Thus, 
1 1 <fo 1 1 00 < |^b(l) I - Meanwhile, <f (l) = since by the argument for (J3SJ), || (^a)l(7^ 1 ( r x — 

i^U^c-av^v^. v □ 

Let (3 y - be a cutoff function on K which vanishes in (—00, t x — 1] and is 1 on 
[t x , 00). We may estimate the longitudinal component as: 

(^A ! sf-)x,IUp(e J/ _) + |Ar 1/2 ||(^A,j / _)L||Lf(e !/ -) 
<C|Ar 1 ||^(^_( 7x )(eA,,-)L)|U,(e;j 

< C|A|- 1 ||/3,_(7x)(^-(6^)L)L||L J >(e;_) + C / |A|- 1 ||(/3,_) 7 ( 7x )7 x (6, J/ -)L||L,(e;_) 

< dH/V- ° 7 x ^ x 6JU x( e;_) + ^|Ar 1 /1/3,47x)e~ C6|Arl/2(s - 7 " (rx)) (6, 2/ -)L||L,(e;_) 

+C"|Ar 1 ||(/3 J/ _) 7 ( 7x ) 7x (6,,-)L||L,(e;j + C' 3 ||^-(7x)e- C6|Arl/2(s - 7 " fe)) (eA, J/ -)T|U,(e;„) 

< C( ££ + C£e„. (77) 

The first inequality above follows from the eigenvalue estimate for A yx _ in 1.5.3.2. The 
second term in the penultimate expression above comes from the difference between 
E Wx and (a conjugate of) E yx _, while the last term arises from (Ty~ x _ jW E Wx Ty x _ jWx (^x,y-)T)L- 
(Note that this term would have an extra factor of |A| -1 / 2 if 1.5.3.1 (lc) is not as- 
sumed). We have also used Lemma [5.2.41 and the estimates that in this region, 

|(/V) 7 7 X I <^|A| 1/2 exp(-C 6 |A| 1 / 2 ( S - 7 - 1 (r x ))) and that 
ll^(7x(^))ll2,2, t <C / |A| 1 / 2 exp(-C 6 |A| 1 / 2 ( s - 7 -i( rx )), 

which in turn follows from the computation in the proof of Lemma 15.2.11 
Similarly, the transversal direction can be estimated by: 

I'M (\\(^X,y-YT\\LP(0y-) + \\(£\,y-)T\\LP(e v -)) 

< C\\^( lx )E w J x \\ Lxi&y ) + C"|A| 1 /2-V(2p) £o(A) < C "e E + C"| A| 1/2 - 1/(2 ^e . 

(78) 

Combining (J77J) . (|7S|) and (f7o} . we obtain ||£a||w x ^ 1 f° r an large enough A, and 
hence the desired contradiction. 
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5.2.5 Surjectivity of the gluing map. Estimates for the nonlinear terms re- 
quired for Step 3 in this case are not very different from those discussed in §2.5, and 
hence will be omitted. The argument in §1.2.1 then defines a gluing map, which is 
a local diffeomorphism onto a £>-topology neighborhood of the image of pregluing 
map. Again, we need to show that the latter neighborhood contains a chain-topology 
neighborhood of S. 

To adapt the proof in §4.2, given (A, w) G M 1,A (x, y\-) close to u G § in the chain 
topology neighborhood, we may again choose a representative w and w as in §4.2.1, 
satisfying conditions similar to (|57|) and (|58j): 

• w(s) := u\(^ x (s)), where 7 X : R — > (— oo,7 x ) is a homeomorphism determined 
by 

U ey ( x (s) = n ey C( S ) Vs G [j-\R + 1), oo), (79) 
and C, Ca are defined by w(s) = exp(y, £(s)), ty(s) = exp(y, Ca( s )) as m §4-2.1. 

• 7 x " 1 (o) = (%(o),7*e~(o)) 2 , t = 0. 

(J5T?j) is in this case replaced by: 
Lemma. Vs G [7 X " 1 (-R + 1), oo), 

llfOOIIw + llf Wlki,* < c(|A| + ||n ev (c A ( s ) - CA(oo))||y ||n ej/ (c A (s) - Ca(oc))|| 2 ,. 

(80) 

Proo/. Write u(7 x (s))_= exp(y,f(s)), and let 6(s) := n ey C(s), c(s) := CO) - COO- 
Note that n ey £ = n ey £ A , and on this region Ca — C = Vx- The functions b(s), c(s) 
still satisfy (|52*jl . (|5T|) . However, we want to estimate instead 

Cd(s) := CO) - Ca(s) = c(s) - U^ rAy r]x- : 

From the definitions, estimates for q would imply similar estimates for £. 
Let ^(s) := (e^CxO) - Ca(°o))2,*; b d (s) = &d(s)e r Noting that 

— Ay^kerAyVX- 

= (1 - n kerj4!/ - V 6 (oo)-2TI k e r Aj (%o l2/ )(A, C(oo) + c(oo)) - n y (C(oo)) ) - V fe (oo)^(ACyej / ), 
we see that (JET]) may be rewritten in terms of q as: 
— C d =A y Cd 

+ (1 - n kcrj4y - V fe Zn kcr A J fn(o,y)(A, Ca + Q) - %(C) - n( 0)V )(A, Ca(oo)) + n y {C,{oo))\ 
- V bd Z(xC' y e y + U kcrAy (h {0jy) (X, Ca(oo)) - n y (C(oo))) 
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By the nature of u, u\, and n(n t y), this leads to the familiar estimates: 

\\cd+\\2,t > v+\\cd+h,t ~ e+||cd||2,i - C + \\b d \; 
||cd-ir 2 ,i < -v-\\cd-h,t + e-|Mki + C-\^kd\- ( 82 ) 

Subtracting the two inequalities, we get 

(||cd+|| 2 ,t - Hcd-IkO' > ^(Hcd+lk* - ll c d-lkt) - C"|A6J; 

Taking convolution product with the integral kernel of d/ds — i/, we find that for 

s> s 



\Cd+\\2,t{ S )-\\ C d-h,t 



(s) > (||c, + || 2 , t ( So )-||Q-|| 2 , t ( S o))e^ ( ^ o) -C" / \XUs)\e^ds 



and since b d (s) > decreases with s, this implies that for all large enough s, 

\\c d+ hA^ < IWd-hA^) +C''\^Us)l (83) 

otherwise ||Q + || 2)t (s) — ||Q_|| 2jt (s) would be growing exponentially as s — > oo, contra- 
dicting the fact that by construction, lim^oo ||cd(s) || 2 ,t = 0. 
Plugging in this back to (IS21). we get 



llcd^K-v'Jcd^t + C'AXbjl, (84) 

where v'_ is a positive numbers close to z/_. Taking convolution product with the 
integral kernel of d/ds + v', 

\\c d „(s)\\ 2tt (s) < C e~»'- S + [ S \X\Ul)e u '- { -~ s) ds. (85) 



We claim that there is a positive constant v"_ slightly smaller than u'_ such that 

kdU) < 2b d (s)e v - {s ' s - )li for s < s < s. (86) 
Using this in the integrand in (|85jh we arrive at 

\\c d 4s)\\ 2 , t (s) < C e-"'- s + C \X\Us) 

<cM*Mi*) + \M)- 

(In the second step above we used (}86j) again to bound 

e -u'_s = ( e -^/4)4 < Cs^s)*. for large s.) 

Combining with ([83)1 . we obtain a similar estimate for ||crf(s)||2,t: 

\\c d (s)ht(s) < C ie ~»'-° + C'.lXMs) (87) 
<C'Ms)(g(s) + \X\). (88) 
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We now returns to verify the claim (J86|) . To see this, note that projecting the flow 
equation to ker A y , we have 

-b' d = Yl kerAy (n(o >y )(\,(\ + c d ) -h(o >y )(\,(\(oa))\ 

Then the properties of fi(o,y), Ca(oo) and u again give the estimate: 

b! d >-e"(b d +\\c d \\ 2tt ) (89) 

for a small positive constant e". Subtracting a small multiple of this from (|84|) and 
using (JH3|) . we have 

(llca-ll^-ei^,)' < -i/ , (||c ( i_||2,t-ei6 d ). 
Taking convolution product with the integral kernel of d/ds + v", we have 

||Q-|| 2 ,t <e\kd + C^~ v " s - 
Plug this back in (jBHj) and (JB3J), we get 



v" 



Now taking convolution product with the integral kernel of d/ds + z/"/4, we have for 
s < s: 

Us) > UsY" { -~ s)/ * - ^|(e- 3 ^ 4 - e ~^"^) e -"^ > -^(sje""^ 4 . 

3 iy 2 

To obtain the second inequality above, first use the first inequality and the fact that 
s > s > so ^> 1 to obtain ^(s) > Ce~ u s ; then use this (with s replaced by s) to 
estimate 

4 £ 2 , -3u"s/4 _ -3v"s/4\ < kd(^) u"s/4 

3v" 1 ' ~ 2 

Claim verified. 

Next, to get estimates for higher derivatives of c d from (jHTjl we need to elliptic 
bootstrap using (|HT|l and apply Sobolev embedding as in the proof of Lemma 1. 5. 1.7. To 
obtain the estimates claimed in the Lemma, we need to bound the average of 6 d in 
an interval about s in terms of b d (s). This is obtained using (J86|) and the fact that b d 
is decreasing. □ 

Next we compare w(s) with the pregluing w x (s) to get a pointwise estimate of 
£(s), as in §4.2.3. In this case, the first two formulas of (JfiHj) are still valid (with tj 
there replaced by r x ) by arguments similar to those in §4.2, but the third needs to be 
modified. In this region (where 7 > t x ), we need to expand about y\ instead of u\ 
as in the proof of Lemma [5. 2. H keeping in mind that fi\ is of order A 1 / 2 while 



60 



is of order A. Recall that 7 X satisfies the equation 7' = h(j x ), with h given by (|73|). 
The function 7 X satisfies a similar equation: 



7y = M7x) + ll(^A) 7 (7x)ll2,?((/^A) 7 (7x)>^A r ^x-?/A^( S ) + °(||f(s)|kl,t' 



2.f 



By (J8Uj) and (J79*|) . the absolute value of this can be bounded by 

C'i|Ar^(|| MA (7 x )||| 1)t + iAi)|| MA (7 x )|| 2 ,i )t 

<C 2 |A| 3 / 2 ( 7x -7x)(l + A 2 (7x-7x) 3 )- 
Recall also the estimate for h from S J5.2.1I we then obtain 

7 |A| 3/2 (7x-7)(l + A 2 (7x-7) 3 ) 



|A s ( 7 )-A s (t x )|<C 3 



|A|(7x-7) 2 
<C 4 |A| 1 /^A 2 ( 7x -7) 2 + |ln( 7x -7)l) 

Using this and the facts that in this region 

IKI| 22t < C 5 \\\e~ c ^ 1/2 ( s -^ 1(x ^ and 
7x - 7x00 < qiAr^e-^l^ 172 ^ 1 ^)), 

we can bound 

Il4ll2,2,t < ^7 



(90) 



where £ x is defined by w(s) = exp(w x (s), £ x (s)) as in §4.2. Recall also that w(s) = 
exp(u> x (s), £ x (s)). Combining the above estimate with (jgUj) and the other two lines 
of (JB5J) . we have 



||e x (*)lb,t< <e 8 [A 
e(A) 



: 7 |A|e- c 6l A l 1/2 ( s -^ 1 ( r ^) when s e [t" 1 ^), 00), 

when s is between 7 x 1 ( r x) and 7~ 1 (i?), 
otherwise. 



(91) 

So over (— 00, 7 X : (r x )] x S 1 C 0, we can estimate ||£x||w x by the same argument as 
in §4.2. The estimate over y _ := focHtjJ, 00) x S 1 is replaced by the following: By 
(EJ), 

\M- 1/2 Mx\\LHe v -) + |Ar 1/2 ||4lU,(e,-) < ^|A| 1/2 ~ 1/(2p) « 1. (92) 
Next, to estimate £' it is equivalent to estimate C x ,y-i which is obtained by expanding 
the flow equation about y\-\ Here we have an equation similar to (|69p. with y replaced 
by y~x~, and a = 0. Using the error estimate in this region in the proof of Lemma 
ET2~31 flUJ), Lemma 1.5.3.2, we find 

|Ar 1/2 ||(^-)Tll^(e s _)|Arl(^) / i |U P( e s _) < G^ 1 '*- 1 '™ « 1. 

This together with (J9~2j) shows that ||£xllwx( e ) <C 1. Now one may follow the argu- 
ment in §1.2.7 to complete Step 4 of the proof of the gluing theorem. 
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5.3 When u = y. 

We now assume that xq = zq = y, and u = y, the constant flow at y. 

5.3.1 The pregluing. Let b° x (s) be the solution of 

-(£)' = C' y X + C y (£f, with 6° A (0) = 0, (93) 

where C y , C' y are as defined in 1.5.3.1. In other words, there are positive A-independent 
constants Cq,C, such that 

b° x (s) = C |A| 1/2 tanh(C'|A| 1/2 s). (94) 

Let b° x (s) := b° x (s)e y . Denote by 6^ = \im s ^ ±00 b° x (s) = ±C |A| 1/2 . Let 

Ca := b° x + (3 + ( Vx+ - b° x + ) + /3_fa A _ - b° x -), 

where r] X ± are defined by exp(y, r)\±) = y x ±, and /3_(s) := /3(|A| -1 + s); /3+(s) : = 

We define the pregluing w x in this case by 

w x := exp(y, Ca), 

5.3.2 The weighted norms. Recall the definition of W y ~, L y _ from ^5.2.41 Let 
W y+ , L y+ and W y , L y be similarly defined for elements in T(y x+ K) and T(y*K) 
respectively, with longitudinal directions given by e yx+ and e y . 

Via the map T V)Wx : T(y*K) — > T((w x )*K), the norms W y , L y on r(2/*iT) induce 
norms on T((w x )*K), which we denote by W x , L x . The associated spaces shall be the 
domain and range for E Wx . 

By the estimates for rj x ±, it is easy to see that the induced norms on T((w x )*K) 
via T yx±tWx from W y ±, L y ± are commensurate with W\,L\. 

5.3.3 Error estimates. Divide into three regions: G a , 0&, C corresponding 
to s < — |A|, \s\ < |A| and s > |A| respectively. We will expand djx x w x around 
yx + ,y,y\- respectively in the three regions. 

Over 06, using (}9~3*j) and the fact of y being in a standard d-b neighborhood, we 
have 

{T y , wx )~ l djx x w x 

= E y ( x + n y (Cx) + (T y>Wx )- l 8 x V(w x ) 

= -P' + ( Vx+ - b°+) + #_fa A _ - b° x -) + P + A y ( Vx+ - b°+) + P-Aybx- - b° x -) 
+C y (e y , 2b° x + 8) 2it 5 + niO((||a|| 2lM + |A|) 2 ), (95) 

where 5 := (3 + ( Vx+ - b° x + ) + ^_(t/ a _ - &°"). 
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From the estimates for r] X ± in the proof of Lemma 1.5.3.2, one sees that 

lAHlM w + |Ar 1/2 ||M 2 ,i,t < ^|A| 1/2 Vs, (96) 

and therefore from 

|lW^A)lk(e b )<^|Ar/ 2 -^. 

The estimates on B a and G c are similar; so we shall focus on C . In this region, 
writing w\(s) = exp(y A+ , fi\+{s)), we have 

(T y , Wx )- 1 d JXx w x = E yx+ fi X+ + n yx+ (fi x+ ). (97) 

From the definition of fi x+ , ||/i A+ (s)|| Pjljt < C\\b° x + - b° x (s)\\ pXt . So by dHTJ, (ED, 

fe*(«fc)lk(e.) < qAI-^/Pg-cW- 1 as A - 0. 

5.3.4 Existence and uniform boundedness of right inverse to E Wx : W\ — > 

L A . In this case, let 

W x :={teW x \Z L (0) = 0}. 

Again assume the existence of a sequence {£ A € W a }a satisfying (JUj), with the obvious 
modification. 

Divide into three regions 6^, Q y ± corresponding respectively to the three 
possibilities: \s\ < |A|~ 1/2 , ±s > |A|~ 1/2 . Let 6^ D Q y be the region in which 
\s\ < (1 + e)\\\~ 1 / 2 ; let ®' y ± D Q y ± be the region in which ±s > (1 — e)\X\~ 1 ^ 2 , where 
1 3> e > 0. Instead of estimating ||£ A ||w/ A , we shall estimate 

in W y or W y ± norm over 0^ and <d y ± respectively. First, observe the following analog 
of Lemma [5.2.41 over Q y and ® y ±. 

Lemma. (Analog of Floer's Lemma) Let £ A be as in (f7^| ) with W x , W x , L x re- 
placed by W X ,W X , L x respectively. Then for all sufficiently small X, there is a small 
positive number, s (X) ! lim A _ >0 £ o(A) = 0, such that 

(a) |Ai 1/(2p) ||6JU~(e' H ) + IKWlIIl-cg;) < £ o(A)|A| 1/2+1/(2p) ; 

(6) |Ar /(2p) ||a, y± ll^ ( e U ) + ||(^)L|U- ( eu) < £ o(A)|A| 1/2+1/(2p) . 

Proof. The L^-estimate for £ A (and hence £ A)y and £\ )V ±) is now routine. The esti- 
mates for the longitudinal components follow the rescaling argument in the proof of 
Lemma f5.2.4l with the following modifications: 

On Q' y , one may similarly define a sequence <f A of Lf-bounded functions on [—1,1], 
which converges to % which satisfy also an equation of the form (J76|) . but now x 
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Ctanh(C"r). Because (£a)l(0) = 0, <f (0) = 0, and thus <f = 0. This proves part (a) 
above. 

On Q' y ±, we have another version of q x and cfo (which are now functions on [1, oo), 
(— oo, —1] respectively), and the argument in the proof of Lemma 15.2.41 again gives 
a bound on ||<fo||oo by |<j |(±l), which vanishes by the estimate for ||(£a)£|U°°(©!,) 
obtained in part (a). This proves part (b). □ 

We now return to estimate ||£A,y||w s (©j/) and ||£A,2/±||w y ±(©2/±)- 

On Q' y : let \ y be a smooth cutoff function which vanishes outside (—1, 1) and 
let P y (s) := Xy( s /\M _1 ^ 2 ). Since (£a,j/)z,(0) = 0, applying Lemma T3.3.3I (c) to the 
longitudinal component, one may estimate: 

\\f3y€\,y\\wy{ey) < C\\Ey(f3 y ^ X ,y)\\L X (0' y ) 

< Ci\\E Wx ^x\\l x (& v ) + C 2(\M \\(3y£\\\w x (e> y ) + \\Py(€\,y)L\\w y (&> y )) + C 3 \\j3' y £x II L x (o' y ) ; 
^C^ + QdAl^ + eo). (98) 

In the above, the second term in the penultimate line came from the difference between 
E Wx and the conjugate of E y , using the fact that ||C\||oo,i,t < CjA) 1 / 2 . The last line 
used Lemma 15. 3. 41 fa) and the equation for (£x,v)l- 

On 0' y ± one may estimate similarly. Let (3 y ± be smooth cutoff functions supported 
on Q' ± with value 1 over Q y ± and \f3' y ±\ < C | A | 1//2 . By the eigenvalue estimate for 
A yx± in 1.5.3.2, 

IIA/iO^illwVt < C\\Ey x± (Py±£\,y±)\\L ± - 

The RHS can be estimated like (|77l I7S|) using Lemma 15.3.41 (b) below. 

Finally, from the estimates for £x,y and £,x,y± above we obtain the desired contra- 
diction that ||£a||wa <^ 1- 

5.3.5 Surjectivity of the gluing map. We have the routine estimate for the 
nonlinear term to define the gluing map. The main isssue is again to show that the 
gluing map surjects to a neighborhood of § in the parameterized moduli space of 
broken trajectories. 

Let (A» e Mp' L (y+,y-) be in a chain topology neighborhood of y & M P ' ' . 
Choose a representative w of w such that, writing 

w(s) = exp(y, C(s)), w x (s) = exp(y, ((s)), 

the difference rj := ( — ( satisfies r] L (0) = 0. Writing w(s) = exp(wx(s), £(s)), we 
want to show that ||£||w A ^ lj equivalently, it suffices to estimate rj. 

Let e' | A) 1 / 2 be a small positive number Consider the three regions 0^ = 
(-oo.-e'lA)- 1 ] x S\ 9^ = [— e'jAj- 1 , e'lAl" 1 ] x S\ Q{ = A| - 1 , oo) x S 1 separately. 
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From the flow equation and the definition of W\, we find that r] L ,r] T satisfy re- 
spectively: 

i L + c y (C L + C L )v L = o((|A| + \\vT(s)h,i, t f + ||aWlli M ); (99) 
V ' T (s) + A yVT (s)=0((\\\ + \\(hi,t) 2 ). (ioo) 

(In the usual notation, r] L =: 77 e y ; (l ='■ C L e y) 

Equation (jlOOj) and the fact that 77(00) = T](— 00) = imply: 

||r/T|| 2 , 2 ,t<Ci(|A| + ||CL||oo) 2 Vs. (101) 

The argument to get this estimate should be by-now familiar to the reader (cf. e.g. 
the proof of Lemma IH . 2 . 5 j) : Take L 2 -inner product of (jlOOj) with T)t-, f?r+ respectively, 
and integrate over s, one obtains 

Wvrh < C 2 (\X\ +sup||a|| 2 , t (s)) 2 . 

s 

Then apply the usual elliptic bootstrapping and Sobolev embedding to get estimates 
on higher derivatives. Finally, observe that on the 1-dimensional subspace of longi- 
tudal direction, the various norms are all commensurate. 
On the other hand, Cl satisfies 



? L + CyC L + C' y \ = 0((|A| + ||i&.|ki,t + \\6t\ 



2.1.1 ' Mill,*) 2 



with Cl(°°) = = Ci( — °°) ( so when |C L I( S ) reaches maximum, = 0). Combining 
this with (jlUlj) and (|96j) . we have 

iaioc<c L |A| i/2 . 

Plugging this back in ([101)1 . we get 

Wmhxt < Ci\\\. (102) 

Using these L°° estimates for rjx, (l and multiplying (j^j) with 77 , we obtain 

-ClA| 2 <|^J' + C,(C L +^J<C<|A| 2 . 
Now since C r ; C r are both > when s > 0, and are both < when s < 0, we see that 



I' < CIAI 2 when s > 0: 



'-i-L 1 

-1*7,1' ^ C| A| 2 when s < 0. 
Integrating using the initial condition that 77l(0) = 0, we see that 



l^ll^ee') < <V|A|. (103) 
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Combining this with (jl(J2j) we get 

llell^) < C 2 e^y^\\\V*-W - as A 0. 

We now turn to estimating £ over 0^,0^'. We shall only consider 0^' since the 
other works by analogy. On this region, writing W\(s) = exp(yx-, Ca-(s)), we have 
from the definition of w\ that 

||CA-||2,2,t(s) < C 3 |A| 3/2 e- C6|A|1/2(s - £ ' |A|_1) + terms involving 5. 

We may ignore the terms involving 5 since by ([96)1. its contribution to the W-norm 
is at most of order (Ap 2 . On the other hand, by standard estimates w(s) has the 
same exponential decay behavior in this region, and so combining the estimate for 
(A-(e'|A| -1 ) above and (jl02|) . (|103jl . we have on this region 

IICA-lkvW^^IAle-^l^^l*!- 1 ), 

where Ca- is defined by exp(y A _, ( x ~) = w(s). Together with the previous expression, 
we obtain a pointwise estimate for £(s) on this region, which, when combined with 
(HD, (fTUnjl . yields 

6 The Handleslide Bifurcation. 

The purpose of this section is to verify the bifurcation behavior at handle-slides 
predicted in 1.4.3, namely, Propositions 16. 1 . Tl 16.1.21 below. 

6.1 Summary of Results. 

Combined with the previous gluing theorems: Propositions 12.11 15.11 the following 
proposition completes the verification of (RHFS2c), (RHFS3c) for admissible (J,X)- 
homotopies. 

6.1.1 Proposition. Let (J A ,X A ) be an admissible (J, X)-homotopy connecting two 
regular pairs, and x, z be two path components of V K \V K ' deg ■ Then: 

(a) a chain-topology neighborhood o/Tp^ s _ s (x, z; 3?) in Aip' 1,+ (x, z; wt_y ;eT , < 3?) is 
Imb along Tp / ls _ s (x, z; 

(b) a chain-topology neighborhood ofT ,hs-s(JR) in M-d 1,+ ( V} ^ j -y,e v < 3?) is Imb along 
To,/is-s(3?). 

The proof follows the standard gluing construction outlined in §1.2, and shall be 
omitted. A description of the relevant K-models will be given in §7.3.2 and 7.3.3. A 
result analogous to part (a) above is also given by [F] Proposition 4.2. 
The rest of this section will be devoted to the proof of: 



66 



6.1.2 Proposition. Let (J A ,X A ) be an admissible (J, X)-homotopy, andu G Xip {x, x). 
Then (NEP) holds for u. 

Without loss of generality, we restrict our attention to a J|X-homotopy without 
death-birth bifurcations throughout this section. 



6.2 Nonequivariant Perturbations on Finite-cyclic Covers. 

This subsection contains the main body of the proof of Proposition 16.1.21 We first 
discuss a simpler situation in which the non-equivariant perturbation may be obtained 
from a vector field on a finite cyclic covering of M. In general, we need to resort to 
non-local perturbations. 



6.2.1 A special case: Local perturbations from finite-cyclic covers of M. 

If a finite-cyclic cover C v,m — > C is (a path component of) the pull-back bundle of 
a finite-cyclic cover M — > M via e/ : C — > M (cf. 1.3.1.1), then a non-equivariant 
function or vector field on M may induce a non-equivariant function or vector field 
on C v ^ m . 

Example. Assume the conditions of Corollary 1.2.2.5 (namely, M is monotone, / is 
symplectic isotopic to id, and 70 is the trace of a point under the symplectic isotopy). 
We claim that in this case, for any m G Z + not dividing divQw]), there exists a u- 
breaking m-cyclic cover of C via the above pull-back construction. Thus, in this case 
Proposition 16.1.21 may be proven by simply repeating the argument for Proposition 
1.6.2.2 for non-equivariant Hamiltonian perturbations over finite-cyclic covers of M. 
(In fact, only Lemma 1.6.2.5 needs to be redone). 
To see the claim, recall that in this case, 

fj = Hi(C\ Z) = 7r 2 (M) © H\(M] Z), and e f * = © id 

with respect to this decomposition. Notice that e/*([it]) is a non-torsion element in 
Hi(M; Z). Otherwise, by the commutative diagram from 1.(12), 



for some k G Z + . 

7T 2 (M) 



k [u] = b G ker c\ 

But then by monotonicity of M, 

[y x ](k[u]) = u(b)-e}9 x (k[u]) = 0, 

contradicting the fact that u has positive energy. 

Thus, for any m G Z + not dividing div ([«]), one may simply set vm G H x (M; Z) 
to be a primitive class with %(e/*([u])) = div([it]), and take C v,m = e*jM UM ' m . 
Furthermore, such a finite-cyclic cover is always ^-adapted, and w-breaking if m does 
not divide div ([«]). 
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However, this simple construction does not give all the -u-breaking finite covers we 
need. 

6.2.2 The general case: Non-local perturbations. 

Let C u ' m be a -u-breaking, f)-adapted m-cyclic cover of C introduced in 1.4.4.5. 
We shall often make use of the following convenient description of C v,m : 

C^ m = { (z, [fj]) | z G C, 11 : [0, 1] - c- MO) = 70, Mi) = z}/~, 

where (z±, ~ (z 2 , [/^D iff z i = z 2 and — /x 2 ]) = mod m. Such an equiva- 
lence class shall be denoted by a pair (z, \p] m ). 

Recall that v G Hom(^,Z). The fact that C u,m is -u-breaking implies that v is 
non-torsion. Thus, one may find a class z/ 2 G H 2 (Tf] R) extending v by linearity, that 
is, satisfying z/ 2 ((^ ker z/) ®R) = 0, and z/ 2 (i^[-u]) = div(-u) where : S) H 2 {Tf 1 'L) 
is the inclusion. Let be a smooth closed 2-form on T/- in the cohomology class z/ 2 . 

The 2-form uj u defines an R-valued function VL V on C, by setting 

n u (z, [//]) := / 

•/ [0,1] xS} 

This induces an M/mZ- valued function on C^ ,m , which we shall denote by the same 
notation. 

Definition. (A class of nonlocal perturbations) Let x '■ ^/mZ — > R be a smooth 
function, and let P G H. We define the formal vector field p x p on C v,m by 

p xP (z, \fi] m ) := X (n v (z, [fi] m ))VP(z). (104) 
For a path («(s), [M S )W in C u ' m , let 

djx( w > Mm) := djxu + p x p(u, [/i] m ). 
Similarly, for a smooth function x A : A x R/mZ — > R and P A G 7i A , one may define 
a path of formal vector fields {p Xx p x } aga an d the section <9j A ^ A on £>p or Bq. 

For the rest of this section, a "%P '-perturbed floud' or simply a "perturbed flovJ 1 will 
refer to a solution of <9jj^(-u, [/i] m ) = 0. One may define the moduli spaces of such 
flows, Aip ;u ,m(J, X; x, P), Mo;u,m(J, X ; x, P) etc., and their parameterized versions, 
in the usual manner (cf. 1.2.1.2, 1.4.3.1). Notice that if one chooses P G V s k (J,X) 
and P A G V 5 A ' Ak ( J a , X a ), then 

V(X; X , P) = V(X); V\X A ; X \ P A ) = V k {X% 

and in both equalities, the former is nondegenerate iff the latter is. We shall show 
in the next subsection that in this case, when Xi X A are sufficiently small, and if 
(J, X) is regular and (J A ,X A ) admissible, then the moduli spaces of xP-perturbed 
flows and their parameterized versions satisfy all the usually expected regularity and 
compactness properties, as described by (FS2), (FS3) and (RHFS2*), (RHFS3*). 
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Proof of Proposition \6.1. 6 A Let 3? G M + and C u,m be fixed as in the statement of 
(NEP). Without loss of generality, assume Haw = 0. 

The admissible (J, X)-homotopy (J A , X A ) induces a homotopy of formal flows on 
C u,m , which satisfies all the Properties listed in 1.6.2.3 for admissibility, except for 
Property (8) (injectivity of IIa|^a,o): at A = 0, there are m distinct elements in 

A4° P (J\, X\), which are precisely the m different lifts of u. 

We write this induced homotopy of vector fields as {V u,m ( J\, X\)}\ e \. 

To achieve Property (8), we shall consider homotopy of vector fields on C u,m of 
the form 

{V u,m (J\,X x ;X\,P\)}\eA ■= {V u ' m (J\,X x ) + p Xx Px}^eA, 

where 

P A G V s A;k ' K {J A ,X A ). (105) 

In fact, since -Mp'°( J A , X A ; wt-(y) tep < 9ft) consists of finitely many points, each 
projecting under Ha to distinct values, we may assume that 

Px = for A G A\S, (106) 

where S is a small interval about IL\(w) = 0, so that 

s n (A db u n A (M%°( J A , x A ; wt_ w , ep < K)\M) = 0. 

Such perturbed homotopy of formal flows might no longer be co-directional, however, 
Properties (l)-(6) of 1.6.2.3 are preserved. Moreover, we shall see in the next sub- 
section that as long as % is sufficiently small in C e -norm, the parameterized moduli 
spaces remain 9ft-regular (i.e. 5i-truncated version of 1.6.2.3 (7) holds). 

We now describe an explicit choice of x A > P A among all those satisfying both 
()105|h (|106|h so that 1.6.2.3 (8) may be achieved. For this purpose, the argument in 
the proof of Lemma 1.6.2.5 is revised as follows. 

Replace u n there by u, let B be a small neighborhood in Qi H Q2 C K x S 1 . 
Let Po G Vg(Jo,Xo) be supported in a small neighborhood *B C Tf, such that 
m _1 (!B) C B, similar to the definition of H x in 1.6.2.5. Let P A be an extension 
of Po satisfying ()105j) and ()106|) . which is in turn the analog of H A in 1.6.2.5. 

Let Mi, ... , u m be the m distinct lifts of u in C u,m . With the above choice of Po, 
the perturbation PxoPoi^ii 8 )) ls nontrivial only when s is in the small interval 

I B := prx(P), 

where pr x : 1 x S 1 ^ 1 denotes the projection. By construction, the values of Q u 
at different lifts of a point in C differ by multiples of m. Thus if Is is sufficiently 
small, the image Vt v (ui(I b)) form disjoint intervals in K for different iij. We denote 
the interval corresponding to u,i by Zj, and choose xo such that 

Xo(0) = Ci when G T h i = 1, 2, . . . , m, 
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where Cj are distinct constants, and Xo is very small in C e -norm. With this choice, 

PxoPo(Ui(s)) = CiVP (Ui(s)), 

and the analog of 1.(71) now reads 

E^ + aiY^ + CiVPoiui) = 0, 

this, together with the contraction mapping theorem, shows that Ui perturbs into a 
di, so that U.\V{ — H\u are, up to higher order correction terms, proportional to Cj. 
Hence the perturbed flows have distinct values under ITa- 

As remarked before, the regularity of K-truncated moduli spaces is unaffected 
by this perturbation, and thus {V u ' m ( J\, X x ; Xx, P\)}\eA satisfies all the K-truncated 
versions of 1.6.2.3 (l)-(8). In particular, it has all the 3ft-truncated versions of the 
properties (RHFS*), except for (RHFS2c), (RHFS3c) and (RHFS4). 

To see that the remaining properties also hold, we need to verify that the gluing 
theorems proven in previous sections still hold. (The arguments for (RHFS4) to 
appear in section 7 below depend on the perturbation only through the existence of 
Fredholm theory, and the linear gluing theorem 11.2.41 ) 

By construction, S fl = 0. Thus, no gluing for births or deaths (as in sections 
2-5) is necessary. 

The proofs of standard gluing theorems such as Proposition 16.1.11 Lemma 11.2.41 
do require updates. However, because of our choice of P A , p Xx p x vanishes near the 
critical point %\. Thus, we have the usual exponential decay of flows to critical points, 
and the same error estimates. Only two facts need to be verified for the standard 
arguments sketched in §1.2 to go through: 

(1) Fredholm theory and surjectivity of the perturbed version of deformation op- 
erators e^ x ' Xx,Xx ' Px , Eq x,Xx ' Xx ' Px , where u, v are the perturbed flows to be glued; 

(2) The usual quadratic bound on the nonlinear term N w , namely, 

We shall verify these in the next subsection. □ 

6.3 Properties of 3?-truncated Moduli Spaces of Perturbed 
Flows. 

The structure theory of the moduli spaces of such perturbed flows is not covered in 
the literature, or in the discussion of Part I. We need to start from scratch and check 
the foundation of this more general theory. The major components of the expected 
structure theory are examined in turn below. 

We have already mentioned the following basic fact: 

6.3.1 Fact. (Exponential decay) A perturbed flow decays exponentially to a non- 
degenerate critical point. 
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This is due to our choice that P A G V^' k ' K (J A , X A ), in particular, P\ vanishes up 
to k-th order at the critical points. In fact, this also shows that a perturbed flow 
decays polynomially to a good minimally degenerate critical point as described in 
§1.5. However, we do not need this fact. 

6.3.2 Predholm theory. Consider the linearization of dj^-(u, \p] m )- We denote it 

b y K; 

\p\m) or ^ («>Mm)' depending on whether (u, \ji] m ) is an connecting flow line 
or an orbit. In addition to the well-understood ^(u[^] m )(0 or -^(t M m ) (0 ; ^ has the 
following extra terms due to p x p'- 

X(tou(u, [/i] m ))V 5 VP(w) 

+ X '(ttu(u,[vU) [ uj u (£,d t u)dtVP(u). (lih) 
Js 1 

Observing that the first term is a 0-th order multiplicative operator, and the second 
term is a mixture which is infinitely smoothing in t and 0-th order in s, this implies 
that D?' is still Fredholm. To see that E,' r '?\ is Fredholm, we use in addition 
Fact 16.3.11 above . and the usual excision argument for Fredholmness in this situation. 

The deformation operators for parameterized moduli spaces are finite-rank sta- 
bilizations of the above operators, and their Fredholmness is thus evident from the 
above discussion. 



6.3.3 Estimating the nonlinear term. The contribution of the perturbation to 
the nonlinear term N?' r '^N (£) is 



J s 

+ X'(Sl u (uMm)) [ U„(S,d t OdtVP(u). 

Js 1 



It is straightforward to check that each term above may be bound by 

cU\\coU\\li<c'U\\ 2 ^ 

We omit the straightforward estimate for the parameterized version. 

6.3.4 Compactness. Let's go over the main ingredients in the usual proof one by 
one: 

• elliptic regularity. By the above estimate on the nonlinear term, and the form of 
(|107|) . the elliptic bootstrapping argument still hold, provided a C° bound can 
be established. The latter relies on the Gromov compactness. 
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• Gromov compactness. Going through the rescaling argument, we note that the 
extra term p xP disappears in the limit, and therefore again (local) compactness 
is lost only through bubbling off honest holomorphic spheres. This possibility is 
eliminated via transversality as in section 3 of Part I. 

• energy bound. With this definition of nonlocal perturbations, there might not 
be a good action functional for the perturbed flows 1 . However, we still have the 
requisite energy bound for perturbed flows with weight < 9ft. Let (u, [p] m ) be 
such a X-P-perturbed flow. Then 

S(u, \jj\ m ) = \\d s u\\l 

= awt_ Wiep (u, [/i] m ) + J (d s u,x{tt„{u, ^))VP(it)^(s) ds. 

(108) 

On the other hand, 

Lemma. Let (u, \p] m ) be a \P '-perturbed flow (either a connecting flow line or 
an orbit). Then there is a constant C independent of s or (u, \p] m ), such that 

\\VP(u)h, t (s) <C\\d s u\\ 2 A s ) Vs - 

Proof. This follows from the L^-boundedness of P, the fact that P vanishes to 
up order k > 2 at the critical points, and the following 

Palais-Smale condition. There exists an e' > such that for any (z, \p] m ) G 
C u,m with \\J(z)d t z + 9x(z) + p x p(z, [fj] m )\\2,t < e> , there is a critical point z 
such that z = exp(z ,£) for a small £ ; and 

\\J{z)d t z + 8 x (z) + P x p( z i [/ i ]™)l|2,t > 
Ci 1 1 C 1 1 2,t when z is nondegenerate 

C 2 J) ^ 1 1 § 4 when zq is minimally degenerate in a standard d-b neighborhood. 

This in turn follows from the Ascoli-Arzela argument as in the unperturbed 
case, since by our condition on P, p x p can be ignored near critical points. □ 

Thus, if 1 1 x 1 1 c e ^ e i the absolute value of the last term in (jl(J8|) can be bounded 
by Ce||9 s u||2, and by rearranging, 

£(u, \fi] m ) < (1 - C£) _1 «wt_ w , efl (tt, \jj\ m ) < (1 - CeY l a^.. 

• global compactness (for Xip,Xip). As in the unperturbed case, to go from local 
compactness to global compactness, we just need in addition Fact 16.3.11 

1 We may easily modify the definition of p x p so that there is; however we would run into difficulty 
with Gromov compactness. 
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6.3.5 Transversality. The transversality arguments in Part I uses a unique contin- 
uation theorem extensively, however, Aronszajn's theorem or the Carleman similarity 
principle used in Fl IS] is no longer applicable as the nonlocal term is introduced. 
While it might be possible to prove a unique continuation result in this situation, 
we choose not to develop a general theory here. Instead, for the purpose of proving 
Proposition 16. l.'J\ we only need the following 

Claim. Let (J,X) be regular, \ be sufficiently small (in C e norm), P £ Vg(J,X) 
and i < 2. Then for M = Mp or Mo, Ml im (J, X; %, P; wt_(p), ep < 3ft) is (Zariski) 
smooth. Similarly for the parameterized versions. 

Take hAp for example; the arguments for Aio or the parameterized versions 
are similar. Due to Lemma 11.2.41 for regular (J,X) and a in a neighborhood of a 
lower dimensional strata of A4 l p 1,+ ( J, X; wt_/-p\ e:p < 9ft), the deformation operator 
E u has a uniformly bounded right inverse. Combining this with the compactness of 
•Mp~ 1,+ (J,X;wt_ ( p >jep < 3ft), there is a small number 5 > such that any element in 
{£> | £> — E^ x \\ < S, v £ .A/fp ^J, X; wt_(-p) )6p < 3ft)} is surjective. In particular, there 
is a 5' = 5' (5), such that for any element w in 

{exp(?;,£) | ||e||oo,i <S', ve M$ x (J,X-M-{n*P ^ K )}> 

E, \ is surjective for any lift (w, \p w ] m ) of w in C v > m , Vx with ||x||c e < Thus, 
the claim follows from the following 

Lemma. Fix P i, and 3ft as above. Then there is an e' > such that for all x 
w tth llxl|c E < , any element (u, [ff\) £ M. l p^ m ( J, X; \i Pi ^-{v),e v < 3ft) is close to 
.Mp"^ J, X, wt_^) >ep < 3ft) m t/ie sense t/iat 

(*) m = exp(u,£), ||Cl|oo,i < 5' M some v £ A4p^( J> ^> wt -<?V P < 3ft). 

Proof. Suppose the contrary. Then there exists a sequence {Xn}, lim^oo ||x n ||c E — 0, 
and a sequence {(u n , [fx n ] m ) \ (u n , [fx n ] m ) £ M Pm (J, X; x, P\ ^-(v),e v < 3ft)} such 
that none of them satisfies (*). By Gromov compactness, such a sequence (u n , [n n ] m ) 
must weakly converge to an element v in A4 P ( J, X; wt_(p) )ep < 3ft) together with 
some bubbles. Since by the regularity of (J, X), there is no such bubble, (u n , [fi n ]m) 
are close to v, contradicting our assumption. □ 

This also shows that when x is sufficiently small and (J, X) regular, these %P- 
perturbed flows avoid pseudo-holomorphic spheres, as in the case before perturbation. 

7 Orientation and Signs. 

In this section, we tie up the last loose end of this article by addressing all orientation 
issues so far ignored: we verify (FS4) for the Floer theory described in §1.3, and show 
that an admissible ( J, X)-homotopy satisfies (RHFS4). 
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In §7.2, we show that the various moduli spaces M.p{x, y), M} Q and their param- 
eterized variants are orientable; furthermore, we introduce the notions of coherent 
orientations for A4p,A4p and grading-compatible orientations for A4q, M.q 2 , and 
show that these moduli spaces may be endowed with such orientations. This com- 
pletes the verification that the formal flow associated to a regular pair (J,X) forms 
a Floer system. The coherence of orientation is determined by linearized versions of 
the gluing theorems proven in the previous sections; this is in fact why we have post- 
poned this discussion. Compared with the full gluing theory, major simplifications for 
these linearized versions arise from the fact that we may substitute the complicated 
polynomially-weighted Sobolev spaces used in sections 2-5 by larger, exponentially- 
weighted versions, due to the removal of constraints from non-linear aspects of gen- 
eral gluing theory. Furthermore, deformation operators between these exponentially 
weighted spaces are conjugate to deformation operators between the usual L p k spaces 
with perturbation by asympotically constant 0-th order terms, making it possible to 
work only with the ordinary Sobolev norms throughout this section. 

In §7.3, we verify the signs in the expressions for Tp^, . . . , To,hs-s given in 
(RHFS4) (cf. §1.4.3.7). This is obtained by examining the orientations of the K- 
models used in the proofs of the gluing theorems in previous sections. With this 
done, the verification that admissible ( J, X)-homotopies satisfy the assumptions of 
Proposition 1.4.6.3 is complete, which in turn implies the general invariance theorem, 
Theorem 1.4.1.1. 

7.1 Basic Notions and Conventions. 

We first review some basic material to fix terminology and conventions. 

7.1.1 Orientation for direct sums and and exact sequences. Given a direct 
sum of an ordered fc-tuple of oriented vector spaces, E — E\ © • • • © Ek, we orient it 
by ei A ■ • • A e& G det E, where G det Ei orients E^. 

An exact sequence of finite dimensional vector spaces 

El A F 1 h E 2 % F 2 ■ ■ ■ jn -J E n h F n - 
determines an isomorphism fe det Ek — <S>k det Fk, by writing 

E k = Bf © jk-iB^, Fk = ikBf © B F k 
for appropriate oriented subspaces B®, Bj?, over which ik, jk restrict to isomorphisms. 

7.1.2 Orientation for determinant lines and K-models. Given a Fredholm 
operator D : E — > F, the determinant line 

detD := detkerD © det(coker £)*. 
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It is well known that for a continuous family (in operator norm) of Fredholm operators, 
the determinant lines above form a real line bundle over the parameter space, namely 
the determinant line bundle. We use ox(D) to denote the space of possible orientations 
for det D when it is orientable, and similarly, ot(23 A ) denotes the space of possible 
trivializations of the determinant line bundle for the family D A when it is orientable. 
These are afhne spaces under Z/2Z. If 2) Al , D\ 2 are elements of the family of operators 
33 A , we say that Oi G ot(Dxi) and o 2 G ot(Q\ 2 ) are correlated via 3) A if they are 
restrictions of the same trivialization D G ox(D A ). They are said to be of relative 
sign p G {±1} (with respect to 3) A ), denoted [01/02], if Oi and po% are correlated. 

It is convenient to describe the orientation of det D in terms of K-models. Recall 
the definition of oriented K-models and the exact sequence (jHI) from ^1.2.31 This 
exact sequence induces the isomorphism: 

det 2) ~ det if® detC*. 

Thus, an orientation of a K-model for D decides an orientation for det D. Given an 
orientation of det 23, an oriented K-model [K; C] of 2) is said to be compatible with 
this orientation, if the orientation of [K; C] induces the orientation of det D. 

Two K-models of D are said to be co- oriented if they give rise to the same orien- 
tation of det 2). Let [23 Al : K Xl — > C\^\b x , [£>a 2 : K\ 2 — > C\ 2 ]b X2 be fibers of a family 
K-model for D A . They are said to be mutually co-oriented via the family D A if they 
are with respectively compatible with orientations of det 2^ and detQ\ 2 correlated 
by D A . 

7.1.3 Induced orientation of a stabilization. Let Tiq, : lR fc © E — > F be a 

stabilization of D : E — > F; recall the definition of stabilized K-models from ^1.2.31 

Given an orientation G ot(3)), we define the induced orientation 6 G or(S)^) 
from as follows. Given an oriented K-model [53 : K — > C]b compatible with 0, let 6 
be the orientation given by the stabilization [23^, : K — > C]g, where K is oriented as 

K = (-l) feindS R fc e AT. 

7.1.4 Reduction of oriented K-models. Let the K-model [K' — > C] be a reduc- 
tion of another K-model, [K — > C], by Q (cf. ^1.2.3p . Then the orientation of one 
K-model induces an orientation of the other via writing 

K = K'@Q- C = C"©n c S)(Q) 

as oriented spaces. Note that changing the orientation of Q results in a co-oriented 
K-model. 

7.1.5 Orientation for glued K-models. Recall the definitions and notations in 
< jl.2.4l Given an ordered fc-tuple of finite dimensional subspaces K x , . . . , in E or 
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F, and sufficiently large Ri, . . . , Rk, we orient the glued space K~i# Rl ■ ■ ■ j^R h _ x K k or 
Ki#Ri ' ' ' #ii fe _i-^fc#ii fc by its natural isomorphism with K\ © if 2 © • • • © if&. 

Let 2) i, 2)2 be an ordered pair of glue-able Floer type operators, and let D be a 
cyclically glueable Floer-type operator. Given Oi G or(Di), o 2 G or(D 2 ), G Ot(lD), 
we define Oi#r0 2 G or(2)i#i?,D 2 ), G or(D#^) as follows. Let [ifi — > Ci], 
[K 2 — > C 2 ], [if — > C] be oriented if -models compatible with Oi, o 2 , and respectively. 
Then the induced orientation, Oi# R o 2 and o# R , are respectively the orientation given 
by the oriented K-models 

[K #R ^C #R ]. (109) 

The orientations for the generalized kernels and generalized cokernels of stabilized, 
reduced, or glued K-models given above are chosen such that co-oriented K-models 
give rise to co-oriented stabilized, reduced, or glued K-models. Thus, we have well- 
defined homomorphisms of affine spaces under Z/2Z: 

: ot(2)) -> ot(S>*), g fl : or(D!)xor(D 2 ) -> ot(33i#fl©2), sg fi : ot(2)) -> or(D #/? ), 

sending to 6, Oi x o 2 to Oi#^o 2 , and to respectively. We call the stabiliza- 
tion isomorphism, and sg K the gluing homomorphisms. As a consequence of the 
independence of K-models, the above constructions also work in the family setting 
to define induced orientations for the determinant line bundles of stabilized or glued 
operators. In addition, the gluing homomorphisms above may be extended to be de- 
fined for arbitrary /c-tuple of glueable or cyclically glueable Floer type operators, by 
observing that any glued operator or cyclically glued operator can be obtained by a 
combination of translation and the two gluing operations discussed above. Morever, 
with the above definition, it is straightforward to check that the oriented K-model for 
the same glued operator obtained from different combinations are actually the same. 

Remark. (1) Alternatively, one may define induced orientation for stabilization by the 
oriented K-model \R k © K — > C] instead. We have so chosen our definition because 
in our context, det2)* gives the orientation of a fiber bundle, where M fc corresponds 
to the tangent space of the base. We prefer the "fiber-first" convention for orienting 
a fiber bundle. With our definitions, the gluing homomorphism commutes with the 
(rank k) stabilization isomorphism on £) 2 , but commutes with stabilization on D\ 
modulo the sign (—i^md^a. 

(2) The definitions of the orientation for a stabilization and glued operators in [FH 
differ from ours. Their definitions have the following disadvantage: Given an orienta- 
tion of a determinant line bundle for a family {D\}\eA, the stabilization isomorphism 
of |FH| gives a possibly discontinuous, nowhere vanishing section of the determinant 
line bundle of the stabilized family {2)a,*}aga- Furthermore, the gluing morphisms 
in |FHj commute with stabilization only up to a sign depending on the dimension of 
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7.2 Orienting Moduli Spaces. 

This subsection addresses the orientability issues required by (FS4) and (RHFS4). 

By an orientation of a moduli space M. = M.p or Aio, we mean the following. 
Notice that the configuration spaces B P (x, y), Bq parameterize families of deformation 
operators, {E u \ u G B P [x, y)}, {D(r, u ) | (T,u) G Bq}. Thus, they carry determinant 
line bundles, which we denote by LB P (x,y), LBo- The moduli space M. C B = 
B P (x,y) or B Q parameterizes a subfamily of deformation operators, and thus carries 
a determinant line bundle LM, which is the pull-back of LB. An orientation of M 
will mean a trivialization of LM. In this article, this will always be the pull-back 
of a trivialization of LB, and we shall therefore focus on orienting LB for various 
configuration spaces B. Similarly, parameterized moduli spaces M K will be oriented 
by orienting LB A . Since the deformation operators for M A are stabilizations of those 
for M, this also orients the fiber moduli spaces M\ for A G A. 

Notice that the above definition does not require nondegeneracy of the moduli 
spaces M, and hence we make no such assumptions in this subsection. Nevertheless, 
when M is nondegenerate, the determinant line for the relevant deformation operator 
det® u = det T U M at any u G M. In this case this definition agrees with the usual 
definition of the orientation of a manifold. 

We do, however, assume nondegeneracy of the spaces of critical points. Namely, 
we assume (FS1) for a Floer theory (C, ft, ind; y x , V x ), and assume (RHFS1*) for a 
CHFS throughout this subsection. 

We begin by some general discussion on abstract Floer theories in §7.2.1-4. 

7.2.1 General strategy for orientability. 

Below we roughly outline a scheme to establish orientability of LB, which is par- 
ticularly useful for symplectic Floer theories, when the configuration spaces have 
complicated topology. To begin, construct a map 

m:B^ E/G, 

where E is a contractible space parameterizing certain operators, and G is a suitable 
automorphism group. The map m is typically defined by identifying the deformation 
operator at u G B to an operator in E, after certain trivialization is chosen. G is 
usually the group of automorphisms relating different possible trivializations. 

The space E parameterizes a trivial determinant line bundle LE, over which the 
action by G extends. Moreover, (LE)/G = L(E/G) and LB = m*L(E/G). One next 
shows that G induces trivial actions on the determinant lines. Thus L(E/G), and 
hence also LB, are trivial. 

In family settings, B and E above are both replaced by bundles B A , E A over the 
parameter space A, and m above will be a bundle map. 

In the case B = Bp(x,y), in order for the deformation operator to be Fredholm, 
x, y G V have to be nondegenerate. More generally, one may consider exponen- 
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tially weighted versions of deformation operators Eu' a2 (cf. §1.3.2.3) instead of E u . 
When x, y are respectively <Ti-weighted nondegenerate and ^-weighted nondegener- 
ate, this defines another determinant line bundle over Bp(x,y), which we denote by 
L^ ai ' a2 ^Bp(x,y). Under this weighted-nondegeneracy condition on x, y, the determi- 
nant line bundle L ( - C71 ' a2 ^Bp(x,y) is independent of small perturbations to the weights 

0"i, (7 2 . 

These weighted versions are useful for dealing with the case when one of x, y is 
minimally degenerate: in this case, the deformation operator E u is defined as a map 
between complicated polynomially weighted Sobolev spaces (cf. §1.5). However, we 
showed in §1.5.2.5 that E u has identical kernel and cokernel as E^ a,cr ' for any small 
positive a. As we are only concerned with the linear aspect (Kuranishi structure) of 
the Floer theory, there is thus no harm in replacing E u by the simpler E^ a ' a ^: the 
orientation of M. p(x, y) in this case will be given by an orientation of L^~ a ' a ^Bp(x, y). 

Turning now to the family situation of a CHFS {Va}a€A satisfying (RHFS1*), 
given x, y G N A and an interval S C A, let Bp (x, y) = UAesnA x nA y ^p{ x x,V\)- Under 
the assumption (RHFS1*), one may choose a set of intervals {Si} covering A, such 
that each Si contains at most one death-birth, and all overlaps SidSj for different i, j 
contains no death-birth. Over each Si, one may choose appropriate weights a X j, a y ^ 
with small absolute value, such that x\ is a^-weighted nondegenerate and y\ is un- 
weighted nondegenerate for all A G Si D A x n A y . An orientation of L^**'*^ Bp (x, y) 
determines an orientation of M P i (x, y) as well as ones for its fibers M. p,a(x> y)> which 
agree with our previous discussion on orienting A / lp(x, y) for non-degenerate or min- 
imally degenerate x, y. Note again that the precise values of the weights a x>i , a y ^ are 
immaterial; in particular, when Si contains no death-birth, they can be chosen to be 
0. Otherwise, only the signs of these weights matter. 

Lastly, we may patch up the determinant line bundles L^ ax ' i,(Tv ^Bp i ('x.,y) for all 
intervals Si to define a determinant line bundle LBp(jt, y) over £>p(x, y), by observing 
that, since for all A G ^ ■ Si D Sj, x\, y\ are nondegenerate, determinant line bundles 

with different weights over Bp 3 (x, y) can be identified. 

More concretely, in §7.2.5 we shall apply the above general scheme to the specific 
Floer theory described in §1.3. See also jL] for its application in other versions of 
symplectic Floer theories. In gauge theoretic settings, the configuration space B itself 
has the structure of A/G, where A is an affine space, and G is the gauge group, which 
is often connected under the assumption of simple-connectivity of the underlying 
manifold. Thus, much of the above scheme also carry over to this context. 

7.2.2 Coherent Orientations for LBp. 

Assuming the orientability of LB P (x,y) and LBp fc+1 (x, y) for any pair of x, y G V 
or x, y G Na and any k G Z, we explain in §7.2.2-3 how the orientations of all these 
should be related, so as to endow the moduli spaces of broken trajectories with a 
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correct oriented manifold-with-corners structure. 

Notation. Given a determinant line bundle LQ over a parameter space Q, LQ\zero section 
contracts to a Z/2Z-bundle over Q, which we denote by Ox(LQ). LQ is orientable 
if Ox(LQ) is trivial; in this case, the space of sections of Ox(LQ) is denoted ox(LQ): 
this Z/2Z-torsor is the space of possible orientations for LQ. 

Recall the continuity of the gluing homomorphism q r (Di,D 2 ) in Si, T) 2) and R. 
Thus, it defines a gluing homomorphism 

: ox{LB%{z x ,z 2 )) x ox(LB k P 2 (z 2 ,z 3 )) -> ox{LB k P ^(z 1 , z 3 )) 

for any z±, z 2 , z 3 G V and ki,k 2 G Z. We write fl(oi, 02) = 0\j^o 2 . 

Definition. Let (C, $), ind; 3^x> He) ^ e a Floer theory satisfying (FSl); in particular, 
V consists of finitely many nondegenerate elements. A coherent orientation of 

LB P = ]1 JJ LB k P {x,y) 

k£Zx,yeV 

is a section, s, of Ox(LBp), so that for all ki, k 2 G Z, Zi, z 2 , z 3 G P, 

^k^s^le^Ws) =s l4 1+fc2 (^i^)' (U0) 

A moment's thought (or cf. |FHp reveals that coherent orientations always exist. 
Fixing an x G P, a coherent orientation for L£>p is determined by choosing an element 
in ox(LBp (x, y)) for each y ^ x and an integer k = gr(x, y) mod 2N^, and in the case 
when 7^ 0, an additional element of ox(LB p 1/1 (x,x)). The cases of card(P) = 0, 
or card('P) = 1 and = are excluded: in the first case, Bp is empty, while in the 
second case, there is no nonconstant connecting flow line. Thus, there is nothing to 
orient in these cases. 

The following fact is immediate from the definition of coherent orientation, but 
shall be important later. 

Lemma. Let 5 be an arbitrary coherent orientation of LBp. Then for any x G V, 
s \b° (x,x) i s the canonical orientation of LB P (x,x). 

In the above, the canonical orientation of LB P (x,x) is that determined by the 
canonical orientation of det E%, the latter being due to the identification of the kernel 
and cokernel of E s = d/ds + A x via the facts that kerE^ = ker A^, coker-E^ = 
coker Aj., and that A x is self-adjoint. 

Proof. The coherence condition (jllUj) requires the gluing maps 

0(s|fl°(x,x),-) : ox(LB k P (x,y)) -> ox(LB k P (x,y)); 

0(-*lfs° (*,*)) : ot(LB k P (z,x)) -> ox{LB k p{z,x)) 
to be the identity map. □ 
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7.2.3 Coherent Orientations for LBp. 

Given a CHFS {{C, ind; y x , V x )} XeA satisfying (RHFS1*), we aim to orient LB^, 
where 

B p = U II ^'W)- 

fceZx,yeH A 

There is a natural projection map n A : Bp — > A, whose fiber over A G A is: 
• B P)X = \l xx , yxe vx ^( x a,2/a), when A is not a death-birth, 

er x \{z x }u{z x+ ,z x _} &p(x\, yx), when V x contains a unique minimally 
degenerate critical point zx- 

The elements zx+, zx- should be regarded as the end points of the two path compo- 
nents z + , z_ of p A yp A ' de 9 connected at z\, with ind(z + ) = md + (z), ind(z_) = ind_(,2) 
respectively. We write 

LB P (xx, zx±) = p* x LB P (x,z ± ) = L^^B P (x x , z x ), for < a « 1, 

where px '■ Bp^x ^ Bp is the inclusion. 

First, observe that it is also useful to identify det E^ 1 '^ with det Eu l,a2 \ where 

is a map between ordinary Sobolev spaces. With this identification, one may extend 
the gluing homomorphism to the weighted case: 

q : ox(L^^B P 1 (z 1 ,z 2 )) x ov(L^^Bp 2 {z 2 ,z 3 )) -> ot(L^'^B^ +k3 ( Zl ,z 3 )). 

For any triple z 1; z 2 , z 3 G Ka with A Zl fl A Z2 fl A Z3 7^ 0, and any pair of integers ki, k 2 , 
one has also the parameterized version of gluing homomorphism 

A : ox(LB^(z v z 2 )) x or(L^ 2 (z 2 ,z 3 )) -> o^LB^^^ 2 ^, z 3 )) 

extending the gluing homomorphism over the fibers LBp t x- 

Definition. Given a CHFS satisfying (RHFS1*) as above, a coherent orientation of 
LBp is a section, s, of Dt(LBp), so that: 

1. For any triple Zi, z 2 , z 3 G Ka with A Zl fl A Z2 fl A Z3 7^ 0, and any pair of integers 

h,k 2 , 

s l^ fcl (z 1 ,z 2 )# s l^ fc 2 (z2 , Z3 ) = ^B^+'Hz^y 

2. For all y x G V A,de9 , Ab^v+m-)) is the standard orientation of L^ a ' a ' ) Bp(yx,yx), 
namely, the orientation given by the oriented K- model [E^~ a '^ : Me yx — > 

Again, it is easy to see that such coherent orientation always exists. When 7^ 0, 
there are card(^A) possible coherent orientations. When = 0, there are card(KA) — 
1 of them. Condition 2 in the above definition is imposed so that the short flow line 
between the two new critical points yx± described in §5.3 has positive sign. 
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7.2.4 Grading-compatible orientation for LB Q . 

The definition of our invariant If involves both A4 Q and Aip, which are related by 
gluing elements in A4 p (x,x) during a CHFS. It is thus crucial to orient Ai° P (x, x) 
and Mq consistently. The notion of "grading compatible orientation" describes such 
a suitable compatibility relation. More generally, one may consider compatibility 
conditions relating the orientations of higher dimensional moduli spaces M 2 ^^ 1 , 
and A4p(x, x) 2m ^, but this does not concern us, since our invariant involves only low 
dimensional moduli spaces. 

Let Bq C B be the subset consisting of elements (T, u) with gr(-u) = k — 1, and 
LBq be the determinant line bundle of the family of deformation operators -D(t,«)- 
Assume that LB Q is orientable. 

Recall that the relative grading gr in a Floer theory is typically defined via spectral 
flow by identifying deformation operators A x with elements in a space of self-adjoint 
operators S c (cf. §1.3.1.4 for the version relevant to this article). On the other hand, 
the orientation of LB Q is defined by a map mo Bp — > X /Go, where £ is a space 
of Fredholm operators of index 1, which includes rank-1 stablizations of the operator 

Da-t ■= d s + A, s E Si 

for any surjective A e Sc an d T e 

Definition. For a Floer theory (C, ft, ind; y x , V x ), the grading-compatible orientation 
of LB , or more generally LT, Q /Go (also called the orientation compatible with the 
absolute Z/2Z-grading ind), is the orientation given by the canonical orientation of 
det -Da,t ; where D A T e So is the rank 1 stabilization of -Da,t by the zero map, and 
A is a surjective operator in of even index. 

In the above, the canonical orientation of -Da,t is the stabilization of the canonical 
orientation of -Da,t, which in turn is defined in the same way as the canonical ori- 
entation of Ex (cf. §7.2.2). Note that the choice of A and T do not matter in the 
above definition: as one varies T, Da,t remains surjective; one the other hand, the 
independence of the choice of A is a consequence of the following basic Lemma. 

Lemma. For any two surjective operators A, A' e Sc ^ e canonical orientations of 
detD^x and det Da',t o,re of relative sign (— l)s r ( A > A ) with respective to the family 
{.Da,t|A g where gr(A, A') denotes the relative index between A and A'. 

An immediate corollary is: 

Corollary. Suppose that LT} /Go is orientable. Then for any surjective A e 
andT G M + ; i/ie relative sign between the grading-compatible orientation of LT} Q /Go 
and the canonical orientation of det -Da,t (— l) indA . 
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7.2.5 Orientability in symplectic Floer theory. 



We now apply the general strategy described in §7.2.1 to establish the orientability 
of moduli spaces for the specific version of Floer theory considered in this article. 

(1) Orienting LB p. This follows from |FH| . which we now review in our termi- 
nology: Let J G J^ 9 -, X be J-nondegnerate (cf. §1.3.2.1), and J2 C be as in §1.3.1.4. 
Given two self-adjoint, surjective operators A^,A + G E^, let £p(v4_,v4 + ) be the 
space of operators of the form: 2 



where J is a smooth complex structure on the trivial R 2n -bundle over I x S 1 , com- 
patible with the standard symplecic structure on R 2n . v is a smooth matrix- valued 
function, and both J and v extend smoothly over the cylinder [— oo, +oo] x S 1 that 
compactifies R x S 1 . Furthermore, over the two circles at infinity, 



The contractibility of Xp(A_,A + ) follows from well-known contractibility of the 
space of complex structures, and the fact that v lies in a vector space. 

Next, denote by % x the space of unitary trivializations of x*K for x G V and let 
X = LUpT*. This is a C°°(S X , C/(n))-bundle over V. Fix a g G C°°(S\U(n)) and 
a section $ : V — > X, such that the inclusion (5 := {g k §(x) \ k G Z, x G V} X 
induces an isomorphism i n : & = ttq& — > 7r X. 

Recall from §1.3.1.4 that we have a bundle map (over V) from V to 7ToX: from a 
fixed unitary trivialization of %K and a path to C C from 70 to 2 G "P, we extend 
the trivialization over w*K to obtain a homotopy class of trivializations of x*K. If to' 
is another path in the same equivalence class, i.e. im\w — w'\ = 0, then (w — w')*K 
is trivial, since c{(im[u> — w']) = 0. Hence w,w' induce the same homotopy class of 
trivializations of x*K. Composing this map with i~ , we have a map assigning to 
each (x, [w]) G V a trivialization $ X ,H e ©x- Let 



We have a map mp : B P ((x, [w]), (y, [v])) — > T,p(A( Xt [ w ]), A( Vy [ v ]))/Gp, defined as fol- 
lows. 

A u G Bp((x, [w]), (y, [v])), together with a trivialization $ M of the symplectic 
vector bundle u*K that restricts respectively to $(x,H) an d ^ (»,[«]) & t the circles at 
—00 and 00, assigns an element in S P . Namely, E u := 

The space of such trivializations $ u is an affine space under 



d s + J{ 



s, t)d t + v{s, t) : L{{R x S 1 ; R 2n ) -> L P (R x 5 1 ; R 2n ), 



J(— 00, t)9 t + 00, t) = 



J(oo, t)d t + z/(oo, t) = A + . 



G P = J M/ g C°°([-oo, 00] x 5 1 , SpJ, M [±oo]xS 




2 Sp(A_, is basically the space O in Proposition 7 of |FH| . 
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Let mp(u) be the Gp-orbit of E u . It is shown in Lemma 13 of |FH| that any 
orbit of Gp in Qt(LT> P (A( X) [ w ^, A( y ,[ v ]))) is contained in a single path component 
of £)t(LEp(A( Z) [ w ]), A(j,,[ v ]))); thus, L(Sp (A^^j), A( y j„]))/Gp) is trivial; hence so is 
LB P ((x,[w)l(y,[v))). 

Notice that by definition, for any (zi, [i>i]), (z 2 , [1*2]) 5 (zz, [^3]) G V, QEi,E 2 ) G 
Sp(A( 21i[ „ l] ) ) A(« )[V2 ]))) x Sp(A (22iN) , A^ 3! [ V3] ))) is glueable. This gives rise to a glu- 
ing homomorphism from ot{LB p {{z\, [t>i]), (z 2 , [v 2 ])) x or(AS P ((,2 2 , [v 2 ]), (23, KD) to 

or(Li3p((^,H),(z 3 ,N)). 

Lastly, observe that if gr((x, [w), (y, [v])) = gr((x, [w'}, (y, [v'])) = k, the spaces 
Ep(A( x> [ w ]), A( yiM ))) and Sp(A( a!) [ lu /]), A^/j))) may be identified via conjugation by if 
for some i 6 Z and g G C°°([— 00,00] x S' 1 ,Sp n ), g(s,t) := #(£). Thus, the above 
discussion in fact verifies the orientability of LB P (x,y) for any x, y G V, k G Z, 
and the gluing homomorphism above gives the gluing homomorphism g described in 
§7.2.3. 

(2) Orienting LBp. Suppose (J A ,X A ) generates a CHFS satisfying the properties 
(RHFS1*). Let (x, [w]), (y, [v]) be two path components of V K jV KAe9 . 

The deformation operator of M. P at u\, E Ux , may be regarded as a stabilization of 
E Ux . Because of the stabilization isomorphism for families, to orient the determinant 
line bundle det{E Ux } UxeB A^^^ y ^ v ^, it is equivalent to orient the determinant line 
bundle 

Li3 P ((x, [w]),(y,[v])):=det{£ MA } 

This can be oriented by repeating part (1) above, replacing Sp by the parameterized 
version: 

£p(A_,A+):= (J Ep(A {xx![wx]) ,A {yx![vx]) ), 
AeA x nA y 

which is a Ep-bundle over A x n A y . In the above, A^ ^j) W(x\, [w\]) G V is defined 
via a smooth section $ A : V A — > X A , T A := [j Xxe pA Z Xx . This is again a contractible 
space, since it is a bundle with contractible fibers and base. 

As in (1), this in turn demonstrates the orientability of LB A ' k+1 (x, y), and defines 
the parameterized version of gluing homomorphism jj a described in §7.2.3. Now one 
may follow the arguments in §7.2.3 to define a coherent orientation of LBp. 

(3) Orienting LB l Q and LBq 2 . Since D( T ,u) is a rank 1 stabilization of -D(-7», it 
is equivalent to orient LBq := det{D (t,«)} (t.^sB 1 • 

Similarly to parts (1), (2) above, we introduce a map mo : Bq — > Eq/Go, where 
Eq is the space of rank-1 stabilizations of operators of the form: 

Bj, u -t ■= d s +J{s,t)d t +u{s,t) : LKS^xS 1 ;^) -> L^^xS 1 ;! 2 ") for some T G R + , 

with J, z/ defined similarly to part (1). The determinant line bundle LT} Q is canonically 
oriented as follows: Note that T} contracts to the subspace consisting of complex 
linear Bj^-t, which we denote by H' . However, LT! Q is canonically oriented by the 
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complex linearity of kernels and cokernels. Next, note that u*K is trivial for any 
(T,u) G Bq. Given a (u,T) G B Q and a trivialization $ M of u*K, one has 

%.«) := *&u*D(r,u) e S o- 

where := 1©$"^ as an endomorphism of M©L^ ) (S'^ x S^R 2 ™). This defines m G . 

It is not hard to see that Go acts trivially on the Z/2Z-bundle Ox(LT, ) by 
conjugation: by continuation (cf. the commutative diagram in p. 28 of [FH]), it suffices 
to check this for Ot(LY! ). However, for £>t(LE' ) this is obvious, again by the 
complex linearity of elements in Y! . 

The orientability of LBq 2 follows immediately from that of LB Q , since Bq 2 = 
B x A by definition. 

Finally, note that for this version of symplectic Floer theory, the canonical ori- 
entation of LT} /Go is compatible with the mod 2 Conley-Zehnder index ind: the 
former is given by the canonical orientation of det Da ,t, where A is such that -Da ,t 
is complex linear. By the definition of Conley-Zehnder index (cf. §1.3.1.4), CZ(Ao) is 
even. 

7.3 The Signs. 

It was shown in |FHj that with a coherent orientation for A4p, the Floer complex 
indeed satisfies dp = 0. In this subsection, we generalize this result to the setting of 
CHFSs and verify the second statement of (RHFS4). Namely, we show that with M. p 

A 2 

endowed with coherent orientations and A4 Q ' endowed with the grading-compatible 
orientation, the various 0-dimensional strata JJp, T Pths _ s , T P)db in A^ P ' 1,+ and their 
analogs for broken orbits are expressed in terms of products of 0-dimensional moduli 
spaces, with relative signs given by the formulae (1.28-33). 

As the signs for Jp, So given in (1.28, 31) follow immediately from the definition 
of coherent orientation, we shall concentrate on the signs for T Pths _ s , T ,hs-s, Tp rfb , 
and T ,db- the formulae (1.30, 33, 29, 32) are respectively rephrased in terms of the 
gluing theorems Propositions 12. 1\ 16.1.11 in Lemmas 7.3.2-7.3.6 below. 

We assume throughout this subsection that LEp/Gp, LEo/Go an d their param- 
eterized versions are endowed with coherent orientations/ grading compatible orien- 
tations, and all the oriented K-models are compatible with these orientations, unless 
otherwise specified. 

The results and arguments in this subsection apply to general Floer theory, in 
which the relevant moduli spaces are oriented according to the scheme in §7.2.1-4 
above. 

7.3.1 Preparations. 

(1) Signs of flowlines. The sign of a flow in a 0-dimensional reduced moduli 
space, u G Ai 1 /^, in general means the relative sign [u']/ ker D u for any representative 
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u G M 1 in the un-reduced moduli space, where ® u is the deformation operator of 
M 1 . It will be denotedy by sign(w). 

(2) Trivializations of deformation operators. Instead of working with the 
deformation operators E u , Dit,v) an d their parameterized versions, it is often more 
convenient to work with their corresponding operators in Xp or So via lifts of the 
maps m P ,m . These will be denoted by boldface letters such as E u ,D( TjU ). When 
LT,p/Gp, LYiojGo are orientable, the choice of liftings does not matter. We shall also 
omit specifying the class [v] in A/ y u) =: A y , when the precise choice is immaterial. 

For the symplectic Floer theory discussed in this article, this means replacing the 
deformation operators by their conjugates by trivializations of u*K, namely <3> u (cf. 
the definition of E u , D u in §7.1.5). We write (/)$ := e.g. f — v! for u G Bp or 

Bo- 

The families of operators considered in the rest of this subsection will always be 
subfamilies of various versions of Xp, Xq. Thus, we shall refer to the correlation 
and relative signs of orientations of determinant lines, or mutual co-orientation of 
K-models without specifying the family. 

The following consistency conditions on the choice of liftings will be assumed in 
the following discussion: 

(a) For a subfamily U C £>, the lifting fh : U — > X is continuous; 

(b) the liftings are "coherent" in the sense that they are consistent with gluing. 

7.3.2 Signs for T P>hs ^ s . 

To verify the sign in (1.30), we need to examine oriented K-models for the gluing 
theorem, Proposition 16.1.11 (a). Let (J A ,X A ) be an admissible ( J, X)-homotopy, for 
any Xi,x 2 G and R 3> 1, the (omitted) proof of Proposition 16.1.11 (a) defines a 
gluing map 

Glp fts .(xi,x 2 ;3?) : Tp iftB _ B (xi,x 2 ;3fc) x (R ,oo) -> A^p' 2 (xi,x 2 ; wt„y iev < 3?). 

Let (Ao, u) G .Mp°(x, y; J A , X A ) be a handleslide. Without loss of generality, assume 
Ao = 0. Let q, z G Ka be of indices indy + 1 and indy — 1 respectively. Let 

v- G Mp(q , x ; J , X ), v+ G M°p(y , z ; J , X ) 

and V-,v + ,u be centered representatives of u_, v+, u respectively. Let 

w#-(R) = V-# R u, w #t+ (R) = u# R v + 

be the pregluings defined in §1.2.2, and let 

(A_(fl), W-{R)) := Glp hs (q, y; u}, R), 

(\ + (R),w + (R)) := Glp^x, z; 3?) {{u, v + }, R). 
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be the images of the gluing map obtained by further perturbing w#_(R) and w# + (R) 
respectively. To simplify notation, we shall omit R when there is no danger of confu- 
sion. 

Lemma. Let u,v±, (\±,w±) be as above. Then 

(1) - sign(A_) sign(w„_) = sign(w_) sign(u) 

(2) sign(A + ) sign(w + ) = sign(w) sign(u + ). 

Proof. We shall focus on case (1) below, since case (2) is entirely parallel. According 
to §7.1.3, 7.1.5, and the choice of coherent orientation, we have the oriented K-models: 

(i±) [E(o )10#± ) : K#± -> C#±], where 

K # _ = -R © (ker E v _ # R ker E u ), C # _ = *# R coker E u ; 
K #+ = R © (ker E U # R ker E v+ ) , C #+ = coker E U # R * . 

(ii) [E(o,«) : R © (ker E„) -> coker E u \. 

Since u is by assumption a nondegenerate element of Aip' 1 , the standard oriented 
K-model for E( 0) «) may be viewed as a reduction of the oriented K-model (ii) by — R, 
taking 

coker E u = — R(F( 0jU ))$, and 
kerE M = kerE( 0)M ) = sign(«)R(i/)$ 

as oriented spaces. (Recall that i^u) is a cutoff version of 9a Va appearing in the 
definition of E( , u ), cf. 1.6.1.5.) 

Next, decompose K#- into the direct sum of the ordered triple of oriented sub- 
spaces 

* © (ker E„_ #^*), R©*, and * ©(*# fl ker E u ), . 

By Lemma Tl.2.41 (2), for large R, the restriction of Ilc # _E(o iU , # _) to the first and 
last subspaces are small, while its restriction to the second subspace approximates 
the multiplication by H co kerE u Y (under the natural identification of the domain and 
range spaces), where Y is another cutoff version of d\ V\ which agrees with (Ym.u))* 
except in the region where s <^ —1. Let Y u := v(Yfo )U \)$ + (1 — v)Y for v G [0, 1], 
and E v be the rank 1 stabilization of E u by multiplication by Y v . By the surjectivity 
of d s + A y and E = E( 0)M ), and an excision argument (as outlined in §1.2.5), E^ has 
uniformly bounded right inveres. Thus, we may conclude that n cokerEii F, and hence 
also lie E(o )tu# _)|jR©*, are positive of 0(1). This implies that the reduction of the 
oriented K-model (i— ) by — R © * is equivalent to the standard oriented K-model of 
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E( 0iiu# _), which is in turn equivalent to the standard oriented K-model of E(a_, w _), 
due to the the proximity between W- and In other words, the projection 

U K# _ : kerE (A _ iU ,_) -> ker E,,_ # R ker E (0)U ) =: K # _. 

is an orientation-preserving isomorphism. We have the following ordered bases com- 
patible with the former and latter oriented spaces above: 

sign(w_)(0,«O, (9 i? A_)" 1 (a i? A_,9 i? ^)|, |sign(v_)(0,vl), sign(u)(0, «')}■ 

Observing that sign(<9 fi A_) = — sign(A_), and recalling the description of U.^ Kj in 
§1.2.4, one finds that with respect to these bases, n# is a matrix of the form 



G\ sign(u>_) sign(f _) C[ sign(A_) sign(t> 
C*2 sign(w_) sign(u) — C' 2 sign(A_) sig 



^) forC 1 ,Cj l C7 ai CSG 



Equation (jllll l) follows from the requirement that this matrix has positive determi- 
nant. □ 



7.3.3 Signs for To,ha-»- 

To verify the sign in (1.33), we examine the oriented K-model for the gluing theorem 
Proposition 16.1.11 (b). Let y,u be as in £I7.3.2| but now assume that the handleslide 
u is of Type II, namely, x = y. Let w#(R) = u#r be the glued orbit introduced 
in §1.2.2, and (X(R), (T(R),w(R))) := G\o,hs(u, R) be the image of the gluing map 
obtained by perturbing w#(R), Gl 0j/ls : T OAs _ s (Jft) x (R , o o) -> Mp^jwt^y^ < 3?) 
being the gluing map in the (omitted) proof of Proposition 16. 1 . fl (b). 

Lemma. In the above notation, sign(w) = (— l) mdy sign(A) sign(u). 

Proof. According to Corollary 7.2.4, sign(u>) = (— l) mdy [(w')$]/ ker° H D(t,«i), where 
ker 0y IDWu,) denotes ker D(t,«i) endowed with the orientation correlated to the canonical 
orientation of Da w ,t- We compute [(w r )$]f ker 0y B>(t,w) in two steps. 

Step 1. The relative sign [(«/)*]/ ker ° v B(\ jW ). Let D(\, w ) be the rank 1 stabi- 
lization of D w defined by 

D(\, w )(a,£,) = ad x V\(w) +D W £. 

Perform cyclic gluing to the oriented K-model pE(A,u) : R © ker E u — > coker EJ , we 
obtain an oriented K-model for 3 W# , a rank 1 stabilization of by multiplication 
with a cutoff version of d\V\(w#). The argument in §7.3.2 shows that a reduction of 
this oriented K-model by R is equivalent to a standard K-model for B> w# , which is in 
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turn equivalent to a standard K- model for Dn iB ). Moreover, according to the con- 
tinuity of gluing homomorphisms and Lemma 7.2.2, the orientation of this standard 
K-model is correlated to the canonical orientation of Ba h ,t- In other words, 

[(«/)*]/ ker"» o (A)(o) = sign(w). 

Step 2. The relative sign ker 0y zj( A ,„,) / ker 0y D(t,w)- Notice that the operators 
D(\ >w ), D(t,w) have a common stabilization, -D(a,(t») = (d\V\, (— w'/T, D w )). The 
two dimensional space ker -D(a,(t,«j)) is spanned by {<9p(A, (T, w;)), (0,(0, w'))}. This 
means H co kerD w \dR\d\V\ + daT{—w' /Tyj = 0, and hence the relative sign is com- 
puted by 

ker - D {XtW) /ker°y D {T , w) = - sign (0* A)/ sign^T) = sign(A). 

Finally, the Lemma is obtained taking the product of the relative signs obtained 
in Steps 1 and 2 above with (-l) indy . □ 



7.3.4 Signs for T P>db . 

To verify the signs in (1.29), we need to analyze the orientation of the K-model for the 
gluing theorem Proposition 12.11 (a). Let A,wo, • • • , Wfc+i be as in §2.2, and let (A, w) 
be the image of ({u , ui, . . . , Wfc+i}, A) under the gluing map defined in £ 14.1.41 

Lemma. Under the assumptions in $2.1 and in the above notation, 

k+l 

sign(w) = (-l) fc+1 JJsign(w;). 

Proof. As explained earlier in this section, since we work with the ordinary Sobolev 
norms instead of the complicated polynomially-weighted ones, it is convenient to 
replace the delicate pregluing w x defined in §2.2 by ordinary glued trajectories or 
orbits: Choose R+, R' i7 i € {1, . . . , k + 1} and L appropriately so that: 

w # := t l (u Q # Rl y#R>u l #R 2 ■ ■ ■ #R' k+ u k+1 ) 

is pointwise close to w and w x : more precisely, w#(s), w(s), w x (s) are C e -close to 
each other Vs, and 

^(7^(0)) = ^#(7^(0)). 

As explained in §7.2.1 and §7.2.3, the deformation operator in Sp corresponding to 
w# is: 

K# ■= ^#r$'^#b^ A #i^ , '^4bL • • • #*< E^fl for a small a > 0. 
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Let &Z(s) := <; a,a (s)e y , and recall that 



ker m 



cc-kerE^ 1 



coker E,- 



kerE-' 



*. 



Then by Lemma 11.2.41 we have the following oriented K-model for E UI# compatible 
with the coherent orientation: 

[W w# : K # - C # ], where C # = *#* 1 Re£# fli *•••#*;*, 
K # = (-l) fc+1 ker E^^ * kerEfc*^ * #^ ■ • • kerE^f 

On the other hand, in section 3, we constructed the following K-model: 



Me 



^ffcH 



is now considered as an operator between ordinary Sobolev spaces. As remarked 
before, the polynomially weighted spaces are commensurate with the ordinary Sobolev 
spaces, and we do not need uniform boundedness of right inverses in this section. We 
have also suppressed the subscript $ and written z u . = (e u J$,fj = (fj)$ above for 
simplicity.) 

Using the descriptions of Hk x and Uc x given in §1.2.41 and Proposition 14.1.11 and 
the proximity between E^ # and K Wx , one may easily check that the oriented K-model 
[K# — > C#] is equivalent to 



k+1 



-1 



,fe+l 



[ J sign(ui)K x -> C x 



i=0 



implying that the latter is also compatible with the coherent orientation. 

Next, observe that («/)$ projects positively to all t Ui . This, together with the 
form of n<7 x E x |x x given in Lemma f4. 1.31 (b), implies that the reduction of the above 
oriented K-model, 

k+1 



r 



1 H sign( 



i=0 



is equivalent to the standard oriented K-model for E^ , which is in turn equivalent 
to the standard oriented K-model for E^, due to the proximity between w and w x . 
These observations immediately imply the Lemma. □ 



7.3.5 Signs for T ,db- 

To verify the sign in (1.32), we examine the orientation of the K-model in the proof of 
Proposition 12.11 (b). Let {ux, . . . ,Uk} be a broken orbit, Ui be the centered represen- 
tative of Ui, and (A, (T, w)) be the image of ({«i, . . . , Uk}, A') under the gluing map 
defined in g£H 
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Lemma. Under the assumptions in §2.1 and in the above notation, 

k 

signH = (-l) ind -^J]sign( Mi ). 

i=i 

Proof. As argued in the proof of Lemma 7.3.3, 

signH = (-l) ind ^sign(A)( W / )$/ker D -D (Ai?u) , (112) 

where the superscript o y _ indicates the orientation correlated with the canonical 
orientation of D Aa+(T)T . (Recall the definition ind_ y = md(A y + a).) According to 
the assumption of §2.1, sign(A) = 1. 

Instead of working with the standard K-model for D Ay+cr T , we find it easier to work 
with the following mutually co-oriented K-model: [B> y : —(e y )^> — > *], where is the 
stabilization of ©a t by multiplication with (e y )^. To see that they are indeed co- 
oriented, observe that the interpolation between them, ID)„ = ((1 — z/)(e J/ )$, B> Ay+UCTtT ) 
are surjective W G [0, 1], and has the following continuous basis for the kernel: := 
(i/<r,-(l -v)(e y )$). 

We now consider mutually co-oriented K-models for two operators approximating 
D(a,«,) and 3 y respectively. The proximity of the operators implies that these K- 
models also form mutually co-oriented K-models for to 1ED(a,«,) and ts> y respectively. 
Choose an glued orbit 

w# = T L (y# RlUl # R/i y#R 2 ■ ■ ■ # Rk u k # Rk ) 

appproximating w and w x pointwise in the sense of §7.3.4, and let 

k# ■■= (d x v x (w#), 4 ff> - ffI #i ll E4r ,ffI #^4 ff, " ,rI #* E t T,ffI • • - E ir ] #K) 

W y # ■= ( - (e y U, ^^RMr^K^^r^ ■ ■■^y^^K)- 

Since [eI~ ct ' ct] : ker -> *] and [E [ f a ' a] : Re* -> *] are mutually co-oriented 

K-models (by coherent orientation), the continuity of gluing homorphisms and stabi- 
lization imply that we have the mutually co-oriented K-models [D^ # : K w # — > C#] flI , 
[W y# : K y# -> C # }*\ where 

K w # =(-l) fc+1 M © (*# Rl kerE^^ * # fe kerE^l • • -kerE^^) 
C # =(KeJ)# Jll *#^(ReJ)...*# J% , 
ky# =(-l) fc+1 M © (*# Rl (Re£)#*; * # R2 (Re£) • • • (Re*)#^ ). 

Note that the orientation of these K-models is different from the grading-compatible 
orientation, or the o^- orientation. We call it the "glued orientation", indicated by 
the superscript qI above. 
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We now compute the sign of («/)$ relative to the g [-orientation above. As in 
§7.3.4, this is done by comparing the glued K-model above to \p(x,w x ) '■ K x — > C x ] : = 
[R a © Rc Ul © ■ ■ • © Rc Uk -> Efi © • ■ ■ © Rf k ), constructed previously in §4.3. In this 
case, we find : K w # — > C w #] sl equivalent to 



»(\,w x ) 



l) fc+1 n,(sign( M ,))^ x ^C x ]. 



On the other hand, in Lemma EL 1.31 (b). lie. 
{fj} to be of the form: 



x ^w x \ K 



is computed in the bases {1, t Ul , . . . t Uk }, 



/+ - •■• 

+ + - 



+ \ 









+ 



[+/— denote positive /negative numbers.) 



/ 



+ + 
: '■ 

\+ o 

modulo ignorable terms. Combining this with the fact that, in terms of the same 
basis, 

U K X ( W % = (0,+,+,"-- ,+), 

we see that 



[(«/)*]/ ker 0l D (AiU;) = _ ]Jsign(»,). 



(113) 



Next, we need to find the relative sign between the g[ and o y orientations. For 
this purpose, we compute explicitly the form of the operator II^D^I^ . In terms 
of the bases {1, ex, ... , e&, } and {fj}, where 

ei := *# Rl *■■■* #R t el# R > *■■■* fj := *# Rl #^_ i e^# i?j . * ■ • ■ * 

it has the following form: 



/ + + ••• 

+ - + 

+ o - •-. 



\ 








V+ o 







- + / 



Combining this with the facts that, in the same basis, 



n, 



( e i/)*) = (0, , -), 



we have by the proximity between V> y # and ti> y that 



sign(o y _/fl[) = -[(eJ^/ker^Dj, 



\k+l 



The Lemma now follows by combining this with ()113|) and ()112j) . 



□ 
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